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Abstract. We consider the one-dimensional controlled diffusion process
{X(t),t = 0} defined by the stochastic differential equation
(a—1
2X(t)
where by, 6, @ and ¢ are non-negative constants, the continuous function u(
) is the control variable and {B(t), t = 0} is a standard Brownian motion. The
uncontrolled process {X,(t),t = 0} is a Bessel process of dimension « (if 0=1).
Let T(x) be the first-passage time defined by
T(x) =inf{t > 0:X(t) =d|X(0)=x >d = 0}. 2
The aim is to find the control u*[ X (t)] that minimizes the expected value

dX(t) = byOu[X(t)]dt + ) dt + odB(t), €Y

of the cost function

T(x) 1
1= | Gas@wxor© +d, ©
0

where g, and A are positive constants.

This type of problem, in which the optimizer controls a stochastic process
until a certain event occurs, is known as a homing problem; see [1]-[3]. The
above problem can be interpreted as an optimal landing problem, with d
representing ground level. Because the parameter A is positive, the optimizer
tries to reach d as soon as possible, while taking the control costs into account.
Therefore, the optimal control u*[X(t)] should in general be negative.
Moreover, 6 is a risk parameter. If 8 < 1 (respectively, 8 > 1) the optimizer is
risk-averse (resp., risk-seeking) and does not want to land too rapidly (resp.,
wants to land rapidly). The case when 8 = 1 is the risk-neutral case.
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Using dynamic programming, the equation satisfied by the value function

F(x):= inf EJ(x)] 4)
0<t<T(x)
is derived. This equation is a non-linear second-order ordinary
differential equation. We find that F(x) is actually of the form
F(x) = k(x — d)?, (5)
where k is a constant that depends on the various parameters in the

model. From the value function, the optimal control is obtained explicitly.
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