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Abstract. The quartic differential systems with a non-degenerate monodromic critical
point and non-degenerate infinity are considered. We show that in this family the maximal
multiplicity of the line at infinity is seven. Modulo the affine transformation and time
rescaling the classes of systems with the line of infinity of multiplicity two, three, ...,
seven are determined. In the cases when the quartic systems have the line at infinity of
maximal multiplicity the problem of the center is solved.
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Rezumat. In aceasti lucrare sunt examinate sistemele diferentiale cuartice cu un punct
critic monodromic nedegenerat si infinitul nedegenerat. Se aratd ca in aceasta familie de
sisteme multiplicitatea maximald a dreptei de la infinit este egald cu sapte. Cu exactitatea
unei transformari afine de coordonate si rescalarea timpului sunt determinate clasele de
sisteme cu dreapta de la infinit de multiplicitatea doi, trei, . . ., sapte. In cazurile cind

sistemele cuartice au linia de la infinit de multiplicitate maximald problema centrului este

Sistemele diferentiale cuartice ce au punct critic monodromic
nedegenerat si linia de la infinit multipla

rezolvata.

Cuvinte-cheie: sistem diferential cuartic, dreaptd invariantd multipld, punct critic

monodromic.

1. INTRODUCTION
We consider real polynomial differential systems
x=px,y), y=4qxy),

where x = dx/dt, y = dy/dt.

ey

Letn = max{deg(p), deg(q)}.If n = 2 (respectively, n = 3, n = 4), then system (1) is

called quadratic (respectively, cubic, quartic). Via an affine transformation of coordinates

and time rescaling each non-degenerate quartic system with a non-degenerate infinity and
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a center-focus critical point, i.e. a critical point with pure imaginary eigenvalues, can be

written in the form

X =y+pa(x,y) +p3(x,y) + palx,y) = p(x,y),
y=—(x+q20x,5) +g3(x,y) + q4(x, y)) = q(x,y), (2)
ged(p,q) =1, ypa(x,y) +xqa(x,y) 0,
where p;(x,y) = Zj’:() ai_j,jxi‘fyf, qi(x,y) = Z;:O bi_j,jx"‘fyj, i =2,3,4 are homo-
geneous polynomials in x and y of degree i with real coefficients.
The eigenvalues 11, A, of a critical point (0, 0) of system (2) are complex, 211, # 0,

Ay = /1_1, and therefore (0, 0) is a non-degenerate monodromic critical point.
Remark 1.1. Via a transformation of the form
x — w(xcosg —ysing)), y = w(xsing +ycosy)),w # 0,
and time rescaling we can make in (2)
bao = 1. 3)
The homogeneous system associated to the quartic system (2) look as

X =yZ3+ pa(x,9)Z* + p3(x,y)Z + pa(x,y) = P(x,y,Z),
V==(xZ+ q2(x, ) Z* + q3(x, ) Z + qa(x, ) = Q(x, y, Z).
Denote X =P (x,y,Z) 2 +Q (x,y,Z) 6% and Eo = P - Xo(Q) — 0 - Xoo(P).
The polynomial E,, has the form

“4)

Eeo = Az(x,y) + A3(x, ) Z + As(x,y)Z* + As(x,y) Z?
+Ae(x, ) Z* + A7(x, ) Z° + As(x, ) Z° + Ag(x,y) Z’ (5)
+A10(x, ) Z8 + Ap1(x,y)Z°,

where A;(x,y),i=2,..., 11, are polynomials in x and y.

We say that for system (2) the line at infinity Z = 0 has multiplicity v if Ay(x,y) =
0,....,A,(x,y) =0, A,y (x,y) £ 0, i.e. v — 1 is the greatest positive integer such that
7V~ divides Ee. If A>(x,y) # 0, then we say that Z = 0 has multiplicity one. Denote
by m(Z) the multiplicity of the line at infinity Z = 0.

About the notion of multiplicity of an invariant algebraic line and, in particular, of the
line at infinity, we recommend the work [1] to the readers.

The quadratic (respectively, cubic; quartic) differential systems with multiple line at
infinity was examined in [2] (respectively, [3] — [9]; [10]).

In this paper we will show that the maximal multiplicity of the line at infinity for quartic
systems (2) is seven. Moreover, we determine the classes of systems {(2), (3)} having the

line at infinity of multiplicity two, three, ..., seven.
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2.  QuArTiC SYSTEMS {(2), (3)} WITH THE LINE AT INFINITY Z = 0 OF

muLtipLICITY m(Z) = 2,3,4,5,6

2.1.  Systems {(2), (3)} with m(Z) > 2.

The multiplicity of the line at infinity is at least two if the identity A;(x,y) = 0 holds.
The polynomial A;(x,y) looks as Ax(x,y) = —Az1(x,y)Axn(x,y), where Azi(x,y) =
X7+ (ago + b31)xty + (az1 + bxn)x®y? + (axn + b13)x*y* + (a13 + bosa)xy* + aosy”, ie.
A21(x,y) = ypa(x,y) + xqa(x,y),

and

An(x,y) = (a31 — asb31)x® + 2(axn — awbn)xy + (3aiz — 3asnbiz — azbxn +
anb31)x*y? +2(2a04 — 2as0bos — azi1by3 + a3b3)x’y? — (3azibos + anbiz — ajzby —
3aosb1)x?y* — 2(anbo — apsbn)xy® — (a13bos — apsb13)y°.

As Ay # 0, we require Ap; to be identically equal to zero. Solving the identity Ay = 0

we obtain the following result:

Lemma 2.1. The line at infinity has for quartic system {(2), (3)} the multiplicity at least
two if and only if the coefficients of {(2), (3)} verify the following conditions:

as1 = asobs1, axn = asbn, aiz = asbiz, aps = aspbos. (6)

2.2, Systems {(2), (3)} with m(Z) > 3.

The multiplicity m(Z ) of the line at infinity is at least three if { A2 (x, y) = 0, A3(x,y) =
0.} In the conditions of Lemma 2.1 the identity A3(x,y) = 0 leads us to the following

two series of conditions:
azo = a4qob3o, ax = asoba1, ain = asobi2, aoz = aspbos; (7N

_ 3 4
aps = asoboz — azoay, + azobi1z — azpasoban + a,,bzo — asnbi3bzo
2 2 3 _ 2
+azobanbio + azoagybsi — ayybaobsi, ain = aspay, + asobiz + azoba 8)

3 2 _
—a,b30 — asobarbso — azoasobsi + ajybiob3i, ax = aspba — azoas

2 _ 3 2
+ayybso + azobsi — asbiobs1, bos = aso(biz — ay, — asobxn + ay,ban).

Lemma 2.2. The line at infinity has for quartic system {(2), (3)} the multiplicity at least
three if and only if the coefficients of {(2), (3)} verify one of the following two sets of
conditions: 1) {(6), (7)}; 2) {(6), (8)}.

2.3. Systems {(2), (3)} with m(Z) > 4.

In each of the sets of equalities 1) and 2) of Lemma 2.2, the identity A4(x,y) = 0
yields the following series of conditions, respectively:

27



QUARTIC DIFFERENTIAL SYSTEMS WITH A NON-DEGENERATE
MONODROMIC CRITICAL POINT AND MULTIPLE LINE AT INFINITY

D) {6), (N} = As(x,y) =0=

axo = aspboo, ai = asbi1, an = asbwy; 9

_ 2

ay = —2axaqo + asob i1 + 2a3,boo + axobsz1 — asobr0bsi,
_ 2 3

aoy = 3axoay, + asobor — 3a,,ba0 + a2b2n — asbrbr

—2as0a40b31 +2a5b20b31, b1z = aso(4aj, + 2bx — 3asbsy), 10
bos = azy(3ag, + b — 2as0b31), ax # asbao:
2) {(6), (8)} = As(x,y) =0=
al = —a3, — 2ax0as0 + asobiy +2a3ybao + azobar + 3azasobso
—asoba1b3g — 2ai b3, + axbsi — asobaobsi — azobsobs + asb3ybsi,
ag = 3a3,a40 + 3aa5, + asoboy + asbiz — 3aj,bao — azasb
+axbay — asbbay — 8azaiybso — asbi2bso + aybaib3o (11
—az0banb3o + 5ajybl, + asbnb3, — al,b31 — 2axasobs
+2aiob20b31 + 4aspasobsobs — 3a42¥0b§0b31’
bi3 = aso(4a3y + 2byy — 3asbsi), bos = 6azga, + asbin
—ajyba1 + azoby — 5a,b30 — asobxnbsg — 3azoasobsi +3aj biobsi;
axy = asobao, aiy = asbi1, an = aswboz, az = asobso; (12)
ayy = —2axas0 + asobii +2a3,bao + axbsi — asbibs,
aoy = 3aajy + asboy — 3ag, b + axbn — asbaobn — 2axaiobs (13)

+2a3,b20b31, a3z = asobs, b3 = aso(4ajy +2by — 3asbsy).
It is easy to see that the set of conditions {(6), (8), (12)} is a particular case for the set
of conditions {(6), (7), (9)}. The conditions {(6), (7), (10) } and {(6), (8), (13)} are the

same.

Lemma 2.3. The line at infinity has for quartic system {(2), (3)} the multiplicity at least
four if and only if the coefficients of {(2), (3)} verify one of the following three sets of
conditions: 1) {(6), (7), 9} 2){(6), (7), 10)}; 3) {(6), (8), (1)}

2.4. Systems {(2), (3)} with m(Z) > 5.

In the conditions of Lemma 2.3 we solve the identity As(x,y) = 0. We have, respec-
tively:
D {6), (1), (9} = As(x,y) =0=
by = (3a3y — 1)/aso, by =3(ajy—1), b3 =as(aj,—3), (14)
by = _aiO’ aqs # 0.
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2){(6). (1. (10)} = As(x,y) =0=

_ 2 2
by = (1 = 3aj, — axasobso + azybaobso + asobsy + axbszobs;

—aoba0b30b31)/(azo — asob), b1z = (2a40 + asoba2
+azagybio — ajybaobso + azbanbiy — asbiobrnbio — aj,b3
—anoasobsobs1 + ajybaob3obs)/ (az — asb), (15)

boz = aso(aso + 3020 +asobay + 3azagybso - 302017201930
+a20b22b30 — asobaobaob3o — 2aj,b31 — 2ax0a40b3b3
+2a3,b20b30b31)/ (a2 — asoba).

3){(6),(8), (1D} = As(x,y) = 0=

baz =3as(b31 — 2a4),
bi1 = (1+3axas — 3a3, — Sazpasob — axbai + asbibai
—2a3,b30 — 4azoasbso + 6a3,b20b30 + azobai b + Sazoasb’,
—asba1 b3, — 3az b3, + asobsi + azbaobsi + axbiobs
—2a40b20b30b31 — azobl,b31 + asbiybs1)/(az — asbso), (16)
b1y = —8azoaso + 2asba1 + 5ai,b3o + 2a30b31 — 2as0b3ob3i,
by = (—2a§0 + aq0 — ax0a3od40 — 36130 - 2a30aiob20 + a%obzl
—anoasoba1 + az,babai + 5a3,a40b30 + 3a,bob3o
—az0a40b21b30 — 3azoagybi, + azoazbsi + ajybsr — a3 bsobs
—ajyba0b30ba1 + azoasnb3ybai)/(az — asbso),  azo # asbso.
Lemma 2.4. The line at infinity has for quartic system {(2), (3)} the multiplicity at least

five if and only if the coefficients of {(2), (3)} verify one of the following three sets of
conditions: 1){(6), (7), (9), (149)};  2) {(6), (7), (10), (15)};  3) {(6), (), (11), (16)}.

2.5. Systems {(2), (3)} with m(Z) > 6.

In each of the conditions 1) - 3) of Lemma 2.4 we solve the identity Ag(x,y) = 0. We

obtain the following results:
D {6), (1), 9), 14} = Ag(x,y) =0=
bo3 = —asobso, b1z = (a3, —2)b3o, ba = (2aj, — 1)bso/aso. (17)
2) {(6), (7), (10), (15)} = Ag(x,y) =0 =
b02 = (aio - 3a30 + a?lObSl + a40b30a - 3a30b3oa’ + aiob3ob31a—
—361‘210]9200’2 + a40b20b31a/2 - 66140(1/3 + 2b31013)/oz2,
by = (a40 - 36120 + aiob31 + b3ga — 3a‘2‘0b306¥ + asobzobzia— (18)
—26140[920(1’2 + b20b31(12 + 20’3)/0’2,
by =3as(b31 —2a40), « =az —asby, a#0.
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3){(6). (®), (11), (16)} = As(x,y) = 0=

2 2 2 2
asy = (1 +ag,+ 2azpas9bo + a30b30 - 2a40b20b30 - 2a30a40b30+

) 3 (19)
+az b3))/(2(azo — aaobs0)), b2 =3azo, bs1 = das.

Lemma 2.5. The line at infinity has for quartic system {(2), (3)} the multiplicity at least
six if and only if the coefficients of {(2), (3)} verify one of the following sets of conditions:
1){(6), (7), 9), (14), (AN)}; 2) {(6), (7), (10), (15), (18)}; 3) {(6), (8), (11), (16), (19)}.

3. QuARTIC SYSTEMS {(2), (3)} WITH THE LINE AT INFINITY Z = 0 OF

MULTIPLICITY SEVEN

To obtain the quartic systems {(2), (3)}, which have the line at infinity of multiplicity
seven, we solve the identity A7(x,y) = 0 in each of the series of conditions 1) — 3) of

Lemma 2.5.
D {6), (1), 9), (14), (17)} = A7(x,y) =0 =

bi1 = (azy — 1)bao/aso, boy = —byo. (20)

In this case the identity Ag(x, y) = —(a40x — ¥) (x + a40y)>((1 + ?)dfm)x2 —4dagxy+ (3 +
aio)yz) /aao # 0, therefore the multiplicity of the line at infinity is exactly seven.
2) {(6), (7), (10), (15), (18)} = A7(x,y) =0 =

bao = (2a40 +2a3, — 2a° + 2a3B + 2a},B — 3ase’ B+
+a’B?) [ (a*(aso — B)(1 + asoB)), B =bai —3as, B+#0, (1)
b3 = (asoP —3a3, —2)/(a(as — B)), (aso — B)(1+asp) # 0.
Under these conditions the identity Ag(x, y) = 0 does not give us real solutions, therefore
the multiplicity of the line at infinity is exactly seven.

3) {(6), (8), (11), (16), (19)}. In this case the identity A7(x,y) = 0 does not give us
real solutions, therefore the multiplicity of the line at infinity is exactly six.

Lemma 3.1. The line at infinity has for quartic system {(2), (3)} the multiplicity seven if
and only if the coefficients of {(2), (3)} verify one of the following sets of conditions:
1){(6), (7). 9), (14, (17), 20)}; 2) {(6), (7). (10), (15), (18), 21)}.

In this way we prove the statement of the following theorem.

Theorem 3.1. In the class of quartic differential systems with a non-degenerate mon-
odromic critical point and non-degenerate infinity the maximal multiplicity of the line at

infinity is seven.
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4.  SOLUTION OF THE CENTER PROBLEM FOR QUARTIC SYSTEMS {(2), (3)} wITH

THE LINE AT INFINITY OF MAXIMAL MULTIPLICITY

Let F(x,y) = x>+ y? + F3(x,y) + F4(x,y) + - - - + Fp(x,y) + - - -, where Fi(x,y) =
Qi+ =k fi jxi v, fo j = 01if j is even, be a function such that

OF

oF - :
Ge P+ Gralny) = ) L3+, (22)
j=1

In (22) L; are polynomials in coefficients of (2) and are called Lyapunov quantities. The
critical point (0, 0) is a center for system (2) ifand only if L; =0, j =1,2,3,... .
Using the identity (22) we calculate the first three Lyapunov quantities, i.e. we solve
in f;; and Ly the following systems of identities:
2xp2 + yF;, = 2yq2 — xF3’y =0,
2xp3 + F p2+YF;, = 2yqs = F q2 = xF; = Li(x* +y)?,
2xps+ F; p3+F; p>+ yFs’x - 2yq4 — F3’yQ3 - F4’yq2 - Fs’yx =0,
Fi pa+ Fyps+Fg pa+ Fe y—F; qa—F;,q3 = F5 g2 — Fg x = Ly(x* +y?)?,
Fy pa+F, p3+F, po+Fy— F‘;yq4 - Fs’yq3 - Féyqz - F7’yx =0,
F{ pa+F, p3s+F, pa+Fgy— FS’yq4 - F6’yQ3 - F7’yq2 - Féyx = L3(x* +y?)*.
The first Lyapunov quantity looks as

Ly = (ann—aeaii —aiiaz +3as+2a0bor —3boz +borb11 —2a20b20+b11b20 — b21) /4.

The quantities L, and L3 are very cumbersome and cannot be brought here.

In the following we will solve the center problem for the system (2) under the conditions
1) and 2) of Lemma 3.1, i.e. when the line at infinity is of the maximal multiplicity.

The conditins 1) of Lemma 3.1 are

_ _ _ 2
axy = asobao, a1 = agobi1, anx = asoboa, b1y = (ayy — 1)bao/asw,

boz = —b20, azo = aqobzo, az1 = aqobai, az = asobi2, aoz = asobos,

by = (2a3, — 1)b3o/as, b1z = (agy — 2)b3o, bos = —asob3o, az = 3az,—1,  (23)
an =3as(agy — 1), a13 = ajy(aj, — 3), aos = —ajy, bao = 1,

b3 = (3a3, — 1)/aso. by = 3(a3y — 1), b1z = aso(ajy — 3), bos = —a3,.

The first Lyapunov quantity calculated for system {(2), (23)}is L; = (1 +aio)2b3o /(4aqp)
and L; = 0 gives us b3g = 0. The transformation X = a40x — y, ¥ = x + asoy reduces
system {(2), (23), b3o = 0} to the following system

X = Y(a40 + bzoX + aiobzox + XY2 + GZOXYZ))/CM(),

, 24
Y=-X. 9
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For system (24) the straight line X = 0 is an axis of symmetry. Therefore, the origin
(X,Y) = (0,0) (respectively, (x,y) = (0,0)) is for system (24) (respectively, {(2), (23),
b3 = 0}) the critical point of a center type.

The exponential factors. Let h,g € Cl[x,y] be relatively prime in the ring C[x, y].
The function ® = exp(g/h) is called an exponential factor of system (2) if for some

polynomial K € C[x, y] of degree at most three it satisfies the identity
0P 0P
——P(x, )+ ——q(x,y) =P K(x,y).
ox 0y
We remark that the system {(2), (23)} has the following six exponential factors

@ = exp(x + aqy),

@) = exp((x + asoy)?),

@3 = exp((x + as0y)?),

O, = exp(—4daqoy + (x + 6140)’)4)’

s = exp(—5asy(x + asoy) + (x + axy)°),

D = exp(6aqobay — 6as0y(x + asy)* + (x + asy)®).

The conditions 2) of Lemma 3.1 are

ay = —(=2a3, = 2aj, + asa’ - 2a3,8 — 2a3,B + o’ B+
Zaioaf3/3)/(a2(a4o - B)(1+asp)),

ai = (2aq40 + 2(120 + aioa/3 - Zaioﬂ + 2a20,8 — daya’B - P B2-
4a3,0” B2/ (a* (aso — B)(1 + asop)),

agy = —(aq(2ago + 2a30 + 2aioﬁ + ZajO,B — aga’B + 3038+
2a400° %))/ (a* (aso — B) (1 + asoP)),

by = —(—2a40 — 2a3, + 207 - 2a%,B — 2a;,B + 3asa’p-
@*B%)/(a*(aso — B)(1 + asop)),

by = —(2 - 2aj, + 2a40P — 2a5,B + 4a’ B + a5y’ B + 4ase’ fF—
@*B)/(a*(aso — B)(1 + asop)), (25)

boy = —(2ayo + 2“4310 + 2“4210/3 + 2a30,8 + 20'3,82 + aioa3/32+
asa’B)/(a*(aso — B)(1 + asoP)),

azo = —(a40(2 +3aj, — asop))/(a(as — B)),

az = —(3aso(aso +2a3, + B))/(a(as - B)),

ay = —(3agy(ajy + 2B+ ajPB))/(a(axn - B)),
aos = —(ajy(—aso + 3B +2a35,B))/ (a(as - B)),
b3o = —(2+3aj, — asP)/(alas — B)),

by = —(3(as +2a3, + B))/(a(as - B)),

b1y = —(3aso(ajy + 2B +azyPB))/(alasw — B)),
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bos = —(a3y(—aao + 3B +2a3,B))/(a(as — B)).
az = aso(3aso + B), axn = 3azy(agp + B),
ai3 = ajy(aso +3p), aou = ajyB.
bao = 1, b3 =3aso + B, bos = ajB,
by = 3a(aso + ), bi3z = azy(as +3p).
Direct calculations show that in coefficients of differential system {(2), (25)} the
algebraic system {L; = 0, L, =0, L3 = 0} is not compatible.

Example 4.1.

X=y+(19x(x — 2y))/(61/3952/3),
y = —(x + (62395173(19x% — 150xy — 76y%) — 306'/3952/3x2 (x — 3y)+ (26)
570x3(x = 2y))/570).

The coefficients of system (26) verify the set of conditions (25). The first two Lyapunov
quantities vanish and the third one is not equal zero. This example shows that the ciclicity
of the focus (0, 0) in system {(2), (25)} is at most three.

The system {(2), (25)} has the following six exponential factors

®@; = exp(x + aqoy),

®; = exp((x + a40y)?),

@3 = exp((x +asoy)® +3ay),

D4 = exp((x + asoy)* +4y(a(x + asy) + (2(1 +az,))/(az0 — B))).

®s = exp((x + asy)’ + Sy(a(x + asy)? + (2(1 + a3y) (x + asy))/(aso — B)+
(4(1 +a3)* (1 + asof) + @’ (aso = B)(2 +3aso — 7))
[(a(aso — B)*(1+asP)))),

D¢ = exp((x + a40y)° + y(A(x + asoy)’ + B(x + asy)> + Cx + Dy + F)),

where

A =60, B=(12(1+a3))/(asw - B),

C = (6(4B(1 +azy)*(1 +aqo) + @ (ago — B)(2+ 3as0B - B%)))
[(a(as - B)*(1 + asp)),

D = (3(8aso(1 + aZ)*(1 +asoP) + (1 + ajy)e’ (5 + TasP — 108%)+
@ (ago — B)B(=13 +3p%) + &’ (1 + ) (=5 +35%)))
[(a(aso - B)*(1 +ap)),

F = (6(14(1 +a3))?a’B +8(1 +a3))* (1 + asP) +2a°B(1 + )+
@ (a40 — B) (=1 +3p%) + (1 +aj) (e (aso — B)(9 — 208%)-
207 B(8 +7B%))))/ (a*(aso — B)* (1 + asP)).

In this way, we have proved the following two Theorems.
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Theorem 4.1. The origin (0,0) is a center for quartic differential systems (2) with the

line at infinity of maximal multiplicity if and only if the first three Lyapunov quantities
vanish L] = L2 = L3 =0.

Theorem 4.2. System (2) with the line at infinity of maximal multiplicity has a center at
the origin (0, 0) if and only if its coefficients verify the set of conditions {(23), b3y = 0}.
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