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Abstract

In this paper we refine and generalize some previous our re-
sults on the inaccuracy (error) theory. We define conditions,
which characterize different types of functions. Via these functi-
ons an indirectly measurable variable Y can be analytically repre-
sented. We also present criteria for comparison of the maximal
absolute and relative inaccuracies of the indirectly measurable
variable Y in the first and in the second order for two experi-
ments. We correct some of our previous conclusions regarding
the application of the dimensionless scale for evaluation of the
quality of an experiment. Furthermore we give two numerical
contra examples.

Keywords: indirectly measurable variable; maximal ab-
solute inaccuracy; maximal relative inaccuracy; dimensionless
scale.

1 Introduction

Let an indirectly measurable variable Y be represented as a function
of a finite number of directly measurable variables X1, Xo, ..., X,, i.e.
Y = f(X1,Xo,...,X,) and let f be a differentiable function of each of
its real variables. If in an experiment we have £ number of observations
Xil, Ti2, ..., Tk of the directly measurable varialbe X; (i =1,2,...,n),

k
then it is assumed that the arithmetic mean z; = % > Zim is the

m=
most probable (the most reliable) value of X;. We denote |Ax;y,| =
|Tim — T, 1=1,2,...,m, m=1,2,...,k.
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Comparison of the maximal inaccuracies for two experiments

The value of the maximal absolute inaccuracy A'Y of an indirectly
measurable variable Y according to the classical method is

Ay = kzz

m=1 i=1

and the value of the maximal relative inaccuracy of Y is %, where
A'Y is defined by (1) and

—_

k
=z Z (T1my oos Tnm) | (2)

(6, 7].
The value of the maximal absolute inaccuracy A'Y according to
our method [1] is

AY =) A |AX], (3)
i=1
where i
1 af
Ai - Emlzz:l OXZ (‘Tlnu wrnm) , U= 17 y (4)
and
1 k
AXi| =2 D 1Awy] i =1,2,n (5)
7j=1
The value of the maximal relative inaccuracy A Y according to our
method [2, 3] is
= Z B; ‘TZ , (6)
=1
where

f(@1my ooy Tnm) 0X;

(l'lma ) xnm) 5

13

?vlk—‘
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and i
AX; 1 AJJU .
Xz' k Z w” , 2 9“4y , (8)
7j=1
We note, that in (4) and in (7)
of Tim of
—— (Z1m, ooy T d My ooy Lo,
0X; (@1 Tam) an f(@1my ooy Tnm) 0X; (1 Tom)
. of X; of
are respectively the values of el and a5 calculated on the m-th

observation. A; and B; are the arithmetic means of these values for
m=12 ..k

In [4, 5] we denote the values of the maximal absolute inaccuracy
A?Y and of the maximal relative inaccuracy 22X of second order of
Y = f(Xy, Xo, ..., X},) respectively by

n A2Y n
A2Y = Z Aij |AXZ| |AX]| and 7 = Z Bij

i,j=1 i,j=1

AX;
X;

AX;
X;

(9)

where A;; and B;; for A?Y and % are defined as follows:

k
Z (@1ms oo @) |, 45 =1,2,.,n (10)

wlw

and

LimTjm 82f
f (x1m7 . anm) Z?X,(‘)X]
1 2,.

By @i eram)| . (1)

El
I ﬁMw

We note, that in (10) and in (11)

0% f
0X;0X;

LimLjm a2f
f (Z’lm, vouy a:nm) E?X,@X]

(T1my oy Tnm) and (T1my ey Trim)

228



Comparison of the maximal inaccuracies for two experiments

2 . . 2
are respectively the values of % and X"];X’ %, calculated at
[3 J T J

the m-th observation. A;; and B;; are the arithmetic means of these
values for m = 1,2, ..., k.

The maximum absolute inaccuracy AY of an indirectly measurable
variable Y in the second degree of approximation, according to [4, 5],
is

AY =AY + %A2Y, (12)

and the maximum relative inaccuracy of Y in the second degree of

approximation is

Ay
V]

AY Ay L1 A%Y (13)
Yy o2 |yp

In this paper we give some conditions that characterize some type
of functions. An indirectly measurable variable can be analytically
represented via these functions. Thus we obtain some necessary and
sufficient conditions for comparison of the values of the maximal in-
accuracies for two experiments. We correct some of our previous con-
clusions regarding the dimensionless scale application for evaluation of
the quality of an experiment. We show two numerical counterexamples.

2 Conditions that characterize different types
of functions by which an indirectly measura-
ble variable can be represented analytically

Theorem 1. If f (z1,...,2,) is a function with domain R™ and there

exist the first partial derivatives of f in respect to all its variables, then
the following holds:

of
(%ci

=a;, a; €ER, 1=1,....,n (14)
if and only if

229



K. Kolikov, R. Koleva, Y. Epitropov, A. Corlat

f(x1,enzy) =121+ oo+ apzpn+c¢, c,a; €R,i=1,..,n. (15)

Proof. If (15) is true, then obviously (14) holds true.
Contrariwise, let (14) is true. Then from g—i = a; it follows Of =

a;0x;, a; € R. Therefore

f:aixi—’_ci (.Z'l,...,xi_1,$i+1,...,xn), (16)

where ¢; (21, ..., Ti—1, Tit+1, ..., Tp) is a real function of z1, ..., z;_1, i1,
e T
We will prove that

f(x1,emy) =a121 + oo + @i + ¢ (Tig1y ooy Tn) s (17)

by induction on i, 1 <17 < n.
Indeed, for ¢ = 1 the equality (17) follows from (16). Assume the
equality (17) is true for i — 1 > 1, i.e.

f (:El, ,:En) =a1r1 + ... +a;—1°T;—1 + Ci—1 (:Ei, ,l‘n) . (18)

Since from (14) and (18) it follows a; = gg@' = ag;:_l, then dc;—q =
a;0z;. Therefore

Cie1 (Tiy ey Tn) = QT3 + € (Tig1, ooy Tp) - (19)

As we substitute ¢;—1 (z;, ..., z5,) from (19) in (18), then we obtain
the equality (17). Therefore formula (17) is proved by induction on 4,
1< <n.

Let ¢ = n. Then from (17) we have

f=a1x1+ ... + apz, +

where ¢ = ¢, € R.
The theorem is prooved. O
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Theorem 2. If f (x4, ...,x,) is a function with domain R™ and there
exist the first partial derivatives of f in respect to all its variables, then
the following holds

%ggf —k, ki ER, i=1,...,n (20)
if and only if
/= cxlfl...a:ﬁ", e, kieRY, i=1,..,n. (21)

Proof. Let (21) holds true. Then

ki—1_ki—1_ki
z; Of @ kicznlfl...xi’_llzn/ xirll...:nﬁ"

[ Ox; cx]fl...xﬁ”

= ki7

i.e. (20) holds true.

Contrariwise, let (20) holds true. Let us denote y = f (x1,...,x,).
Then from (20) it follows that d—; = I;—zaxz We obtain In |y| = k; In |z;|+
In|c; (1, .y Tim1, Tit1, -, Tn)|, Wwhere ¢; (X1, .oy =1, Tig1, ..., Ty ). Then

Y= :l::EflCZ (331,-.-,xi_1,$i+1,.-.,$n)- (22)

We will prove by induction for i, 1 < i < n, that

y =+t 2 (2, ) . (23)

Indeed for ¢ = 1 the equality (23) is the proved formula (22). Let
us assume, that (23) holds true for i — 1 > 1, i.e.

y = :I:a:'fl...a:ffllc,-_l (Tiy eey ) - (24)
From formulas (20) and (24) we have

Lk ki—10c;_1
T 0y Lily-Li_1 “5g;

By =20
. k k",l .
y Ox; it x g i (T, e X))
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Therefore we obtain the following formulas

8c~_1 k;
2 = 20z, Inlci_1| = kiln x| + Inlc; (w41, 0 0|,
Ci—1 Xy

Ci1 = j:a:fici (Tit1y ey Tn) -
We substitute the last formula in (23) and we get
Y= :I::E’fl...:pfilci (Tig1y ey Tn) -

Thus formula (23) is proved by induction on i, 1 <i < n.

Let i = n. From (23) we have

Yy = ixlfl...xfl"c,

where ¢ = ¢, € R.

The theorem is prooved. O

Theorem 3. If f = f(x1,...,2,) is a second degree polynomial
with unknown quantities z1, ..., x,, represented in the form

f (1, ... Z ;% x]+Za,az, +a,a;; = aij,
i,j=1
aj,a;,a € R, (25)
then for each 4,5 =1,. = 2a;; holds.
Proof. Let us denote f in the form
n—1 n
f(xy, .z Za“ x5 +2ZZauxzaz]+Zamz+a
=1 j=2
Then of
O = 20,“'%1' + 2 Z [ + a;.
(2

§>i

For j # i we have %@f% = 2a;;, and for j = i it follows % = 2a;;.

232



Comparison of the maximal inaccuracies for two experiments

The theorem is prooved. O
Theorem 4. If the function f = f (x4, ...,x,) has the form
f= cwlflajfszjajfl", ¢ ki €R, (26)
then for each i, j the following holds true:
kik;, if (i)j #1
e 2 vy, 5
Tity 88'5 = ki(ki—1), 0 () j=i and ki £1, . (27)
o Orid; 0, if j—i and ki — 1.

Proof. If j # i, then the following equalities are true

2
xix; O°f Tiks ko1 ki—1
= = kl ]k ck:ikanlfl...m/ .z mfﬁ = kik;.
f aﬂ?ialﬂj cxyt..axn” J

If j =4 and k; # 1, then

2 2 2
x: 0°f 2 B
; 02,:02; gt : T chi (ki — 1) a2 ke =k (k- 1).
7 1 1 e n

If j =7 and k; = 1, then obviously the third part of (27) holds true. O

3 Some necessary and sufficient conditions for
comparison of the values of the maximal in-

accuracies for two experiments
1) Let A'Y and A'Y be the maximal absolute inaccuracies of the first

order for two experiments, i.e.

AX; (28)

Y

Ay = f:Ai IAX;|, AlY = f:fxi
i=1 =1

are defined from formula (5).

where |AX;| and ‘AXZ
233
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1.1) If in (28) A; = g—{l are constant values, i = 1,...,n, then
according to formula (3)
AX;

Ay = ZH:AZ- IAX;], AY = ZN:AZ- : (29)
=1

i=1

Thus obviously the following statement is true.

Criterion 1. If A; = g—i = const, i = 1,2,...,n, then the first
experiment of the maximal absolute inaccuracy of Y is more accurate
than the second one if and only if

> (|ax
i=1

Both experiments have equal accuracy if and only if
>4 (jax;
i=1

In this case for the inaccuracy of the experiments, calculated by the
classical way from (1) and (28) we have

n k n n
AY = 23S A A = 3 A AKX = 3 AdaXi)
i=1 i=1

i=1 m=1

- \AX,-\) > 0. (30)

- \AX,-\) = 0.

Therefore this result match with our result from (29).
In particular, by n = 1 the first experiment is more accurate than

the second one if and only if |AX;| < ‘AXl‘.

Both experiments have equal accuracy if and only if |[AX;| =
A%,

As an example for this case we can consider the function from The-
orem 1

n
flzr, oy = ZaiX,- +c, a;c€R.
i=1

1.2) Let in (28) AXjy,...,AX,, are constant values.
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Criterion 2. If AX; = const (i =1,2,...,n), then the first expe-
riment of the maximal absolute inaccuracy of Y is more accurate than
the second one if and only if

f: (212- - AZ-) IAX;] > 0. (31)

1=1

Both experiments have equal accuracy if and only if

Zn: (Ai —Ai) IAX;| = 0.

i=1

2) Let &YY and %j/ be the maximal relative inaccuracies of the
first order for two experiments, i.e.

If %88)]; =B; (i=1,2,...,n) are constant values, then according
to formula (6)

Ay
Yy Z |Bil
i=1

AX;
X;

AX;
X;

AX;

; (32)

AlY -
T =XlE

are defined from (8).

7

where

AX;
and ‘ %

Criterion 3. If %% = const (i =1,2,...,n), then the first ex-
periment of the maximal relative inaccuracy of Y is more accurate than
the second one if and only if

" AX; AX;
B; i) I > 0. 33
;I |< e X, ) (33)

Both experiments have equal accuracy if and only if

> 1Bl AX) 1A%
i=1 Xi X

In particular, for n = 1 the first experiment is more accurate than

the second one if and only if ‘AT)? < ‘AX—% . Both experiments have
equal accuracy if and only if AX)fl = Af(—jil .
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As an example for this case we can consider the function from The-
orem 2

F(X1, o X)) =eXP Xk e ki eRT, i=1,.,n, ki #0.
3) Let A%Y and A?Y are the maximal absolute inaccuracies of the

second order of two experiments.
92 .
3.1) If Wéf)(j = A;; are constants, then according to formula (9)

A?%Y = Zn: Ay |AXG[|AXG], A%Y = Zn: Aig ‘AXi

i,j=1 i,j=1

AX; ( (34)

Criterion 4. If 89?12—8];] = Aj; = const  (i,j =1,2,...,n), then the
first experiment of the maximal absolute inaccuracy of the second order

of Y is more accurate than the second one if and only if

f: Ayj <‘A)~Q

Z?]:

AXJ»‘ ~ AKX |AXj|) > 0. (35)

Both experiments have equal accuracy if and only if

Zn: Ayj (‘AXZ-

Z?]:

AXJ»‘ —AX;] |AXj|) ~0.

As an example for this case we can consider the function from The-
orem 3

n n
f (Xl, ,Xn) = Z ainin + ZaiX,- +a, ai,ai,a € R.
ij=1 i=1

3.2) Let AXy,...,AX,, are constant values and

n n
A%Y = 3 Ay X 1XG], A% = 37 Ay XX,

i,j=1 1,7=1
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Criterion 5. If AX; = const, (i =1,2,...,n), then the first expe-
riment of the maximal absolute inaccuracy of the second order of Y is
more accurate than the second one if and only if

n

> (A — 4y) 1AX||AX,] = 0. (36)
1,j=1

Both experiments have equal accuracy if and only if

n

3 (/L-j - Aij) |AX;||AX;] = 0.

i,j=1

2 2y . . . .
4) Let % and A?YY are the maximal relative inaccuracies of the
2
second order of two experiments. If X];X’ 8)? an = B;j are constant

values, then from (9) we have

n

AY_Z

i,j=1

AX;

J

A2Y &
~ =B

i,j=1

- (37)

X j

J 2
x";J %aj;j =const (i=1,2,...,n), then the first

experiment of the maximal relative inaccuracy of the second order of
Y is more accurate than the second one if and only if

Z%(

i,7=1

| AX;
X;

AX;

X; Xi j

) > 0. (38)

Both experiments have equal accuracy if and only if

g (-

i,j=1

AX;
X;

AX;

X J
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4 Counterexamples to the dimensionless scale
and improvement of its application

In [1] we considered AX;, AX,,...,AX,,+Y as a system of generalized
orthogonal coordinates. Then for n > 2 we get an (n + 1)-dimensional
Euclidean space, where (3) is an equation of a plane that passes through
the origin of the coordinate system.

Thus we take ¢ for sample plane in the space of the absolute in-
accuracy which represents an imaginary ideal perfectly accurate expe-
riment.

Ifa:AY = A{AX + A AXs + ...+ A, AX,, then ¢ is determined
by Al = A2 =..= An = 0, i.e.

e: AY =0.

In [2, 3] we considered the angle between the normal vectors
n_oi(Al,Ag,...,An,—l) of the plane a of the real experiment and
ne (0,0,...,0,—1) of the palne . Then the value of the cosine

g 1
ko = cos Z (ng, nt) N2 R ey (39)
of this angle can be chosen for a coefficient of accuracy in a dimen-
sionless scale, i.e. for a numerical characteristic of the quality of the
experiment.

Since k, = cos £ (n_gt, 7@)), then the scale for evaluating the quality
of the experiment is the interval [0, 1]. The value k, = 1 represents the
ideal perfectly accurate experiment and the value k., = 0 represents the
ideal absolutely inaccurate experiment. The conclusions we have made
in [1, 2, 3] regarding the application of the scale are not absolutely
correct. We will prove this with the following numerical examples,
applying the criteria from section 3.

Example 1) Let S = f (t) = gt be the distance that the uniformly
moving object passes with constant velocity v during time ¢. Thus f (¢)
has the form from Theorem 1.

For the first experiment we choose t;; = 4, tj2 = 2. Then t; =
3, |At11| = 1, |Atia] = 1, |Aty| = 1. Since % = v, then according to
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formula (4)

d 2
d—-’;(tlm)‘ =2 hl=v.

m=1

1 2
A1:§Z

m=1

From (3) we find the value of the maximal absolute inaccuracy for the
first experiment

AYY = Alf = Aj|Aty| = vl =w.

For the second experiment we choose t;; = 3,6, t12 = 2,2. Then
t1 = 2,9, ‘Aflﬂ =0,7, ‘Aflg‘ =0,7, ‘Afl‘ = 0,7. From (4), since

% = v, we calculate

From (3) we find the value of the maximal absolute inaccuracy for the
second experiment

AYY = Alf = Ay |Afy| =0, Tv.

Since A; = Ag, then from formula (38) we have the following relations-
hip between the coefficients of accuracy:

1 1
= = k27

k= —
! VAI+1 A3 +1

i.e. regarding [1, 2, 3] we can conclude that both experiments have the
same accuracy. But

AlYY = Alf =¢g>0,7g = A'Y = Alf.

Therefore the second experiment is more accurate than the first one.
This counterexample contradicts the conclusions in [1, 2, 3| for the
dimensionless scale.

From the necessary and sufficient conditions we have presented in
section 4, for A1 = As, according to Criterion 1, it follows that the
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second experiment is more accurate than the first one, because ‘Afﬂ <
|At1]. Therefore Criterion 1 gives us more precise conclusion.
Example 2) Let S = f(t) = gt be the distance that free falling
object passes during time ¢ (in Vacuum) and g = 9,8 m/s? is the earth
gravitational acceleration. Thus f (¢) has the form from Theorem 2.
For the first experiment we choose t1;7 = 2, t19 = 1,6. Then
7?1 = 1,8, |At11| = 0,2, |At12| = 0,2 and |At1| = 0,2. Since

d 2 |4
—f = gt, then from formula (4) we find A; = 3 Z ‘d—{(tlm)‘ =

z lgt| = g z t| = 39(2+41,6) = 1,8g. From formula (3) we cal-
=1

culate the value of the maximal absolute inaccuracy for the first expe-
riment

A'YY = Alf = Ay |At)| = 1,89 x 0,2 = 0, 364.

For the second experiment we choose t1; = 1,8, 12 = 1,9. Then
t, = 1,85, | = 0,05, | = 0,05, |At;| = 0,05. From formula
(4) we find
2 2 2
1 df 1 1
2 )] =5 2 bl = g0 3o

1
= 59(1,8+1,9) = 1,85.

From formula (3) we find the value of the maximal absolute inaccuracy
for the second experiment

A'Y = A'f = Ay |Afy| = 1,859 x 0,05 = 0,0925g.
Since A; < Ag, then from formula (39) we have the following relations-
hip between the coefficients of accuracy:
1 1

Sl JAT1

i.e. according to [2, 3] the value of the maximal absolute inaccuracy
A'Y for the first experiment is more accurate than the value A'Y of

k1=

= k27
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the second one. But
A'YY = Alf =0,0925¢ < 0,369 = A'Y = Alf.

Therefore we can conclude that the second experiment is more accurate
than the first one. This counterexample contradicts the conclusions in
[1, 2, 3] for the dimensionless scale.

Both examples show that the conclusions we have made in [1, 2, 3]
regarding the dimensionless scale and the sample plane in the spaces
of the absolute and relative inaccuracies, have to be improved.

For correct application of the dimensionless scale in [1, 3], we give
the following supplements.

Definition 5. We will say that the vector A = (A, Ay, ..., Ap)
is less than or equal to the vector B = (B, Ba,..., By,) (coordinate
by coordinate) and we will denote with A < B, if A; < B, for each
i=1,2,...,n.

Let for fixed values of AXy,AXs,....,AX, for an experiment we
have two different forms for representation of the maximal absolute
inaccuracy AY, i.e.:

AY = 41AX) + ApAXy + ... + A,AX, and AY = BIAX; +

Then obviously the following conclusion is true:

Theorem 6. For fixed values of AXy, AXo, ..., AX,, between two
experiments with planes o : A'Y = A;]AX; + A3AXo + ... + A,AX,
and 3 : AYY = ByAX; + BosAXs + ... + B,AX,, the more accurate is
that one, the normal vector of which is less than or equal to the other.

If there are two vectors A = (4, Ag,...,A,), B = (Bi1,Ba,..., By)
and A < B, then k, > kg and for the fixed AX1,AXo,...,AX,, it
follows that AlY < AlY. However it is not true the statement that
we formulated in [1, 3], that from k, > kg it follows A'Y < AlY.

Let us consider that the maximal absolute inaccuracy AY has the
same representation AY = A;AX1+AAXo+...+ A, AX, for two pro-
vided experiments, i.e. the values of the coefficients A1, Ao, ..., A, are
fixed. Then obviously for different experiments with measured values
T11, 12, vy T1p a0d To1, 22, ..., Ton of AX1, AXs, ..., AX,, the following
conclusion is true:
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Theorem 7. For the fixed values Ai, Ao, ..., A, between expe-
riments with measured values z11,x19,...,Z1, and zo1, T29, ..., T, Of
AXq1,AXo,...,AX,, the more accurate experiment is that one, the
vector of which is less than or equal (coordinate by coordinate) to
the other.

Thus, if z; = (flill,;UIQ,...,;Uln), To = (l’21,$22,...,$2n) and 71 <
To, then A'Y < A'Y. In this case the reverse statement is not true.

The most accurate experiment will be that one, where the values
of the variables and the normal vector (coordinate by coordinate) are
the least possible.

Analogical conclusions as Theorem 6 and Theorem 7 can be for-
mulated also for the maximal relative inaccuracy % of an indirectly
measurable variable Y.

5 Discussion

The suggested by us method for determining the numerical values of the
maximal and relative inaccuracy of an indirectly measurable variable
is of great importance for every experimental science, in which the
studied processes can be modelled via functions. The values of the
maximal inaccuracies can be compared very easily when we have two
experiments.

6 Conclusion

In this paper we give necessary and sufficient conditions for comparison
of the values of the maximal inaccuracies for two experiments. We
consider some of the most common in the practice classes of functions.
We give numerical counterexamples regarding the introduced by us
dimensionless scale in [1, 2, 3] for evaluation of two experiments. We
also give some conditions for the correct application of the scale. Thus
we improve the conclusions we have made in [1, 2, 3].

Acknowledgement. We would like to thank Prof. PhD Todor
Mollov from Plovdiv University “Paisii Hilendarski” for the valuable
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suggestions that have improved the article.
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