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Abstract  We consider the problem of completeness relative to ultra-weak expressibility
of the systems of formulas in the simplest non-trivial extension of the proposi-
tional provability logic. We propose an algorithm to address this problem. It
is a first step toward investigation of this problem in propositional provability
logic. A similar problem was considered by prof. Mefodie Rata in the case of
the intuitionistic logic.
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1. INTRODUCTION

The criteria of completeness with respect to expressibility is well-known in
the case of boolean functions [1, 2]. A. V. Kuznetsov [3, 4] has specified the
notion of expressibility to the case of formulas in logical calculi, using the
rule of replacement by its equivalent in the given logic. Professor Mefodie
Rata has obtained the criterion of completeness relative to expressibility in
propositional intuitionistic logic and its extensions [5, 6] and in [7, p.15] he
also considered the notion of ultra-weak expressibility.

We consider the simplest non-classical 4-valued extension of the proposi-
tional provability logic of Godel-Lob GL [8] and found out the necessary and
sufficient conditions for a system of formulas to be complete relative to ultra-
weak expressibility of formulas of this logic. An algorithm based on this finding
is proposed.
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2. DEFINITIONS AND NOTATIONS

Propositional provability logic GL. The formulas of the propositional
provability calculus of GL are built from the symbols of propositional variables
p,q,7, ... (may be also indexed), by means of the symbols of logical connec-
tives &,V, D, and A (represent the unary modal operation of provability
by Godel), and parentheses. For example, the expressions (p&—p), (p D p),
(A(p&—p)) and (=(A(p&—p))) are formulas in the calculus of GL, represent-
ing the constant formulas denoted in the following by 0, 1, o, p, and we denote
the formulas (p&Ap) and ((p D ¢)&(¢ D p)) as Op (box p) and (p ~ q) (equiv-
alence of p and ¢q). External parentheses are usually omitted. The calculus of
the GL is determined by the axioms of the classical calculus of propositions,
three A-axioms

A(p D q) D (Ap D Aq), A(ApDp) D Ap, Ap D AlAp

and the next three rules of inference: 1) the rule of substitution, 2) the modus
ponens rule, and 3) the rule of necessitation which allows to pass from formula
A to formula AA. The notions of theorems and the logic of the given calculus
are defined as usual [8].

An extension Lo of the logic L is any set of formulas of the calculus of Ly
containing all axioms of L, is closed relative to the rules of inference of L and
Ly C Ly (as sets).

Magari’s algebras. A Magari’s algebra [9] (also referred to as diago-
nalizable algebra) ® is a boolean algebra 8 = (B;&,V,D,—,0,1) with an
additional operator A satisfying the following identities:

Al = 1,
Az&y) =
A(AzDz) < Ax

where 1 is the unit of 8.

Interpreting logical connectives of a formula F' by corresponding operations
on a Magari’s algebra ® we can evaluate any formula of GL on any algebra ©.
If for any evaluation of variables of F' by elements of ® the resulting value of
the formula F on ® is 1 they say F is valid on ®. The set of all valid formulas
on the given Magari’s algebra © is an extension of GL [10], also called the
logic of the algebra ®, and denoted by LD.

We consider the 4-valued Magari’s algebra 85 = ({0, p,0,1};&,V, D, =, A),
its boolean operations &, V, D, - are defined as usual, and the operation A is
defined as:

AO=Ap=0, Ac =A1=1.

In the following we consider the logic LBs.
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Ultra-weak expressibility of formulas. Suppose in the logic L we can
define the equivalence of two formulas. The formula F' is said to be a constant
in the logic L if for any variables w and o the formula F[w/0o] is equivalent
to F. The formula F is said to be (explicitly) expressible via a system of
formulas ¥ in the logic L if F' can be obtained from variables and formulas
of ¥ using two rules: a) the rule of weak substitution, which allows to pass
from two formulas, say A and B, to the result of substitution of one of them

in another in place of all occurrences of any variable p of the formula %

(where we denote by A[p/B] the thought substitution); b) the rule of passing
to an equivalent formula in L which states that if we have already get formula
A and we know A is equivalent in L to B, then we have also formula B [11].

The formula F is said to be ultra-weakly expressible in L via X if it can
be obtained from unary formulas and ¥ via already mentioned above rules of
weak substitution and passing to equivalent.

The system X is said to be ultra-weak complete in the logic L if any formula
of the calculus of L is ultra-weak expressible in L via ¥ [6, p. 15].

Relations on algebras. They say [6] the formula F(pi,...,py) preserves
on the Magari’s algebra © the relation R(z1,...,x,,) if for any elements
Q11, ..., Qmy of © the relations

R(alj,...,amj), jzl,...,n

implies
R(F(an, N ,Oéln), N ,F(Oéml, N ,amn))

The relation R(z1,...,%,) on a finite algebra © can be substituted by a
corresponding matrix 5, (i = 1,...,m, k=1,...,1) of all elements of © such
that the statement R(S;j,...,05,,,) holds [7]. In this case we speak about
preserving of a matrix instead of preserving of a relation on ®.

3. PRELIMINARY RESULTS

Representation of operations on {0,p,0,1} by formulas. Let us recall
some results mentioned in [12, 13].

Theorem 3.1. A function f : {0,p,0,1}" — {0,p,0,1} (n =0,1,...) can
be represented by a formula of the calculus of the logic LBs if and only if it
conserves the relation Ax = Ay on the algebra Bs.

Next statement is a consequence of the above theorem [13, Proposition 3.1].

Propoziia 3.1. There are 64 unary formulas in the calculus of the logic LB2
which are not equivalent each other in LBy and realize the corresponding unary
operations of the algebra B.
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Table 1 Unary operations of B,

Pl Dy | Loy | Isj | Ly | Isj | Iej | Inj | Isj |
0] O 0 p p o o 1 1
pl| O p 0 P o 1 o 1

|\ p | Tn | Lo | I3 | L | Iis | Tis | Liv | Iis |

c| O 0 p p o o 1 1
1] 0 p 0 p o 1 o 1

In order to describe the derived unary operations of the algebra B we
use the table 1, where I;;(p) (i = 1,...,8; j = 1,...,8) denotes the unary
operation which for p = 0 and p = p takes values from the i-th column, and
for p = o and p = 1 it takes values from the j-th column.

For example, I11 = 0, 116 =D, I73 = p, I58 = Ap, Igg =1.

4. MAIN RESULT

Consider the following relations on Bs (read symbols "==" as "defined
by”):

1) Ri(z,y, z,u) == ((Az = Ay)&(Az = Au)&(Ax = Az) & ((z ~ y) =
(z ~uw));

2) Ro(x,y, z,u) == ((Ax = Ay)&(Az = Au)&((z =y) V (z = u) V (Ax =
Az)));

3) Rs3(x,y,z,u) == (A(x ~y) = A(z ~ u)).

We denote by 91; the corresponding matrix to the relation R; on the algebra
B5 and denote with II; the class of all formulas, which preserves the relation
R; on the algebra B, i.e. the class of all formulas, which conserves the matrix
M; on By for any ¢ = 1,2, 3.

The table 2 presents the list of all classes I11, Ilo, I3 and their corresponding
matrix.

Table 2: The class of formulas and the corresponding matrix

The class Defining matrix
0pol 000ppp coolll
I, 0pcl 0pp00p ollool
0pcl p0p0p0 lololo
0pol pp0p00 1loloo

The table 2 continues on the next page
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The next part of the table 2

The class

Defining matrix

IIy

0pol 0000000pppppppoococoococl1111111
0pcl 000pppp0000pppoooclllloooolll
0pcl 0pp00pp00pp00pclloclloollool
0pol p0p0p0p0p0p0p01lololololololo
0000ppppooocllllclol10p0p
0000ppppoococllllloclop0p0
0011001100pp00pp00ppooll
010101010p0p0p0p00ppooll

II3

0pol 0000000pppppppoocoocoocl1111111
0pol 000pppp0000pppooclllloooclll
0pcl 0pp00pp00pp00pcl1looclloolloocl
0pcl p0p0p0p0p0p0p01lololololololo

00000000ppppppppOO000000pppppppp
0000pppp0000ppppocllooclloocllooll
00110011001100110000pppp0000pppp
clololololololololololololololol

00000000ppppppppocllooclloocllooll
001100110011001100000000pppppppp
01010101010101510000pppp0000pppp
0000pppp0000ppppolololololololol

clolololololololoolloolloollooll
00000000ppppppppolololololololol
001100110011051100000000pppppppp
0000pppp0000pppp0000pPpp0000Ppp

Consider now the functions on support of B85 defined in the table 3.
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Let us note that everyone of these functions conserve the relation Az = Ay
on the algebra B, and according to theorem 3.1 there are formulas D1, Do, D3, Dy
which represent them on the algebra Bs.

Now we are ready to formulate the main result of the paper.

Theorem 4.1. The system of formulas X is ultra-weak complete in the logic
LBy if and only if for every class of formulas 111,11y, 13 there exists a corre-
sponding formula F;,i = 1,2,3, in X such that F; & 11;.

Proof. Every one can verify that the classes of formulas 11y, I, II3 are closed
relative to ultra-weak expressibility in the logic L85 and each one of them
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Table 3 The tables of the functions fi1, fa, f3, fa

HpHOOOO‘pppp‘JUJJ‘l111H
HqHOpal‘Opol‘OpUl‘OpalH
| A1 o 0o 1 plp 0 1 o]0 p o 1]
| f2 |l p » p|0 0 0 0|1 1 0 1|0 o o o
| f3]]0 p 1 1|p p 1 1|1 1 1)1 1 1 1|
| f+/0 p 0 1|0 p o 1|0 O 0 0|0 O O O]

does not contain the formula ((p&q) V (p&r) Vv (¢&r)). Also we can verify that
the following relations hold

{D1,D,} C 114, {Ds, D3} NII; =0,

{D3, D4} C Iy, {D1,D2} NIy =0,
{D1, Do} C I3, {Ds3, D4} N1I3 = 0.

The necessary part of the theorem follows from the fact that the classes of
formulas IIy, Is, I3 are closed relative to ultra-weak expressibility in the logic
LBy and are pairwise distinct according to above relations. So they are not
ultra-weakly complete in the logic L5.

Now consider the sufficient part of the theorem. Suppose the system of
formulas ¥ is ultra-weakly complete in the logic L9s. Suppose ¥ contains
a system of formulas {Fy, F», F3} which do not belong to the corresponding
classes Iy, I3, II3 and do not contain other variables excepting p1,...,p,. It is
not supposed the formulas Fi, Fb, F3 are distinct. It is sufficiently now to prove
that conjunction (p&q) is ultra-weakly expressible in LBy via {F}, Fy, F3}.
The continuation of the proof is presented in the next lemmas 4.1, 4.2, 4.3
and 4.4. 1

Lemma 4.1. Formulas C(p,q) and D(p,q) satisfying conditions

C10,0] = C[0, p] = C[p,0] = 0, Clp,p] = p

Dlo,0] = Clo,1] = D[1,0] = 0, D[1,1] = 1. (1)

are ultra-weak expressible in LBy via formula F.

Proof. Consider formula Fj, which do not conserve the relation R; on Bs.
Then there exist four ordered sets of elements < ay,...,an >, < Bq,..., 8, >,
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< Yiseeoy Yy > and < 07,...,0, > from By such that

Rl(a’hﬂmf}liaéi)a iz]—v"‘a” (2)
Fl[O[l, ;an]
Fl[ 1 671]
T C M, 3
Fl[fyh -7771] o ()
F1[617 adn]
where
0000 p poppoocococl1 1 11
M= 00 pp 00 ppococl1l 1 oo 11
10 p O p O p O pocl1 ol o1 ol
p 00 p O p p 01 0 o1 o1 1 o

The right-hand side of the relation (3) determines 16 possible cases for F}.
Consider formula B(p1,...,py), defined by the scheme

I3[ F: if I c Qg 1},
B(pl,...,pn):{23[ 1), if Fi[aq,...,ap] € {0,1}

IgQ[Fl], if Fl[oq,...,ozn] € {,0,0'}

Formula B is ultra-weak expressible via formula Fj. It is easy to verify that

Blag, ..., ) 0 00O
B[ 17--'7511] 00 p P

- 4
Byl ] 10 p 0 p )
B[él,"'vén] p 00 p

Denote elements Blaa,...,an], B[B1,---yBnls BlVis---,7,) and B[d1, ..., 0]
by correspondent letters o, 3, v and 6. Build formula B'(p, ¢,7) = B[BY, ..., By],
where for any i =1,...,n

Bi(p,q,r) =0, ifa; =0, 8; =0, v, =0, §; =0,

p, ifa; =0, 8; =0, v, =p, 0i = p,
q, ifa; =0, B, =p, v, =0, 0; =p,
r,ifa; =0, 8, =p, v;,=p, 0; =0,
Isz[r], f i = p, B; =0, 7, =0, §; = p,
Isrlq), if o = p, B; =0, ;= p, 6; =0,
Iszpl, it a; = p, Bi=p, 7, =0, 6; =0,
p, it ai=p, B;=p, vi = p, 0i = p,
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p), ifa;=0, B=0, v, =1, 0; =1,
7ifai:Ja /Bz:]-a Vi =0, 62217
rl, ifa; =0, 8;, =1, v, =1, 0; =0,

I7QQ7 lfaZ:17 ﬁi:O', 71217 6i207
’ ifai:]-a /Bz:]-a Vi =0, 6’i:0-7
1, ifai:]., 52-:1, ’Yi:]-, 5@':17

(there are no other cases for o, ;, v;, 0i). B'(p,q,r) is ultra-weak expressible
via formula B. Obviously, by relations (2) and (3), we get Bj[0,0,0] = o,
BI0, p, p] = B;, Bilp,0,p] = ~; si Blp,p,0] = ;. Taking in account (4), we
obtain

]
]
l,ifa, =1, B, =0, v, =0, i =1,
]
)

B'[0,0,0] 0000
B0, p, p] 00 pp (5)
B'p,0,p] | =10 p 0 p
B'[p, p,0] p 0 0 p
Examine formula A(p, q,r) defined as
B/(pqur)7 lde:/B:")/:(]’(S:p,
B'[p, I I fa=8=0= =
Alp.gur) = ,[pa a7lal, Isr[r]], o= B - 0 - 0, v =
B {137(]?),(],137[7“]], lfOZ—’)/— _07 B_pv
Is7[B'[I37(p), Is7[q], 7]], i B=v=d=p, a=0.

Formula A(p, q,r) is ultra-weak expressible via formulas of lemma. Then, by
relations (5), we obtain

A[0,0,0] = A[0,p, p] = A[p,0,p] = 0, Alp,p,0] = p. (6)
Since A conserves relation Az = Ay on B, it follows that
A[0,p,0] € {0, p}, A[p,0,0] € {0, p}.

Thus, taking into account equalities (6), there are 4 possible sub-cases for
formula A. In each of these sub-cases formula C(p, q) is ultra-weak expressible
via formulas from lemma and A(p, q,r) in the following way:
) If A[ } =0, A[p,0,0] = 0, then C(p,q) = Alp, ¢,0].
If A0 =0, A[p,O 0] = p, then C(p,q) = A[A5(p),p, ql.
[ ’ 0] =0, then C(p, ) [p7 AS( ) ]
Alp,0,0] = p, then C(p, q) = A[A5(p), q, Asq]]-
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To finalize the proof of the lemma let us note that D(p,q) =
Is2[Clls2(p), I62[q]]]. Lemma 4.1 is proved. &

Lemma 4.2. A formula S(p,q) satisfying conditions
S[0,0] =0, S[0,p] = p, Slo,1] =0, S[1,1] =1, (7)
1s ultra-weak expressible in the logic LB via any formula Fs.

Proof. Consider formula F». Since it does not conserve the relation R, on

B, there are ordered sets of elements < ay,...,an, >, < Bq,...,8, >, <
ViyeosVp > and < dq,...,0, > from By such that
Rg(ai,ﬁi,’yi,éi), i:i,...,n (8)
Flai, ..., ay] 0 0 p p oo 11
F2[ 17"')671,] C p P 001100 (9)
By, Tlo 1 o 1.0 p 0 p
F2[51,...,5n] 1 o1 o 1% 0 P 0

The right-hand side of the inclusion (9) define 8 cases to take into account.
Observe that the matrix 91y corresponding to the relation R on Bo is in-
variant relative to any permutation of rows. So we can consider that the last
seven cases can be reduced to the first one when

FQ[O&l, '7an] :07
FZ[/BjL; )/Bn] = p, (10)
F2[71¢ '7’7n] =0,
Fylo1,...,0,] =1

Build formula

E(p1,-..,p36) = F2[E1(p1,---,p36),- - - » En(p1, - - - D36)],
where for any i =1,...,n

E;, =0, ifa; =0, 8,=0, v,=0, §; =0,

E; =Clp1,p2], if ; =0, 5,=0, v, =0, §; = p,

E; =Clp1,ps], if a; =0, 8; =0, v, = p, §; =0,
Ei=p1, ifo; =0, 3; =0, v; =p, 6; = p,
E;=ps, ita; =0, 3,=0, v, =0, §; =0,
E;=pu, ita; =0, 8,=0, v, =0, §; =1,
E;,=pi5, ifta; =0, 3,=0, v, =1, §; =0,
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E;=p, ifa; =0, 5,=0, v,=1, §; =1,

E; =Clpa,pg), it a; =0, 8, =p, 7, =0, §; =0,
Ei=py, ifa; =0, B;=p, 7, =0, 6; = p,
Ei=ps3, ita; =0, §; =p, v;=p, 0; =0,

Ej = I37[Clpa, ps], if a; =0, B; = p, v; = p, 6i = p,
E;=py7, ifa; =0, 8, =p, v, =0, §; =0,
E,=ps, ifa; =0, 8,=p, v;,=1, §; =1,

E; = Clpa,ps), if s = p, B; =0, v, =0, §; =0,
Ei =ps, ity =p, B; =0, 7; =0, 6; = p,

Ei =ps, it s =p, B; =0, v, =p, 6; =0,

E; = I7[Clp2, pe]l, if ai = p, B; =0, v; = p, 6i = p,
Ei=p, ifa;=p, 5; =0, v, =0, di =0,

Ei =po, faj=p, B; =0, 7, =1, 6; =1,
Ei=ps, ifa; =p, B;=p, 7, =0, 0; =0,

E; = Is7[Clp1,ps]], if i = p, B; =p, 7; =0, 6; = p,
E; = I37[Clp1, ps]lsif o = p, By =p, vi = p, 0; =0,
Ei=p, ita;=p, f;=p, vi=p, i =p,
Ei=pa, it aj=p, B;=p, v; =0, 6; =0,
Ei=poy, ifa=0p, B;=p, v, =0, 0; =1,
Ei=pos, ifay=0p, B;,=p, v, =1, §; =0,

Ei =pa, f ai =p, By =p, 7, =1, 0i =1,
E;,=pos, ifay=0, 8;,=0, 7,=0, §;=0,
E;=ps, iftaj=0, B; =0, v;,=0, 6; =p,
E,=py, iftay=0, B, =0, v;,=p, i =0,
E;=px, ifaj=0, B; =0, v; =p, ;i =p,

E =0, ifay=0,0;,=0,v,=0,0 =0,

E; = Is3[Clp1,p2]], if s =0, B; =0, v, =0, §; =1,
E; = Is3[Clp1,ps3]], if s =0, B, =0, v, =1, §; =0,
E =pr,ifta;=0,8,=0,v,=1, 0, =1,
E;=py, ifta;=0, ;,=1, 7, =0, §; =0,
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E;=ps, ifay=0, B, =1, v, = p, 6; = p,

E; = Is3[Clp2,p6l], if s =0, p; =1, v, =0, §; = 0,
E,=ps, ifay=0,0,=1,v,=0, §; =1,
E,=pg, ifa;=0,6,=1,v,=1, §; =0,

E; = I3[Clps, ps]], if s =0, 8; =1, v, =1, 6; =1,
E,=ps,ifta;=1, 8,=0,v;,=0, §; =0,
E;=p3, ifa; =1, 8, =0, v, =p, 6; = p,

E; = Is3[Clpa,ps]], if ; =1, B, =0, v, =0, §; =0,
E;,=py, ifay =1, 8,=0, v,=0, §; =1,
E,=pn, ita; =1, 8, =0, v,=1, §; =0,

E; = I3[Clp2,psl], if s =1, B, =0, v, =1, 6; =1,
E;=ps3, ifay =1, 5, =1, v, =0, §; =0,
Ei=ps, ifta; =1, 8,=1, v, =0, §; = p,
Ei=ps, ita;=1, 8, =1, v, =p, 4; =0,
Ei=psg, ifa; =1, 8,=1, v, =p, 0; = p,
E,=pp, ita; =1, 8,=1, v, =0, §; =0,

E; = I;3[Clp1,ps]], ifa; =1, B, =1, v, =0, 6; =1,

E; = I3[Clp1,po]], f s =1, B, =1, v, =1, §; = 0o,
E, =1 ifa=1, 3,=1, v,=1, §; =1,

(there are no other cases for «a;, (3;, v, and d; according to relation (8)).
Formula F is ultra-weak expressible via formulas C'(p, q) and F». Note that

E;[0,0,0,p,p,p,0,0,0,1,1,1,0,0,0,0,0,0,
Dy Py Py Py Py Py 0,0, 0,0,0,0,1,1,1,1,1,1] = o,
E;[0,p,p,0,0,p,0,1,1,0,0,1,0,0,0,0, p, p,
0,0,p,p,p,p,0,0,0,0,1,1,0,0,1,1,1,1] = j3;,
Ei[p,0,p,0,p,0,1,0,1,0,1,0,0,0,1,1,0,1,
0,1,0,0,1,1,0,0,p,p,0,p,0,p,0,0, p, p| = ~,,
Eilp,p,0,p,0,0,1,1,0,1,0,0,0,1,0,1,0,1,
0,1,0,1,0,1,0,p,0,p,0,p,0,p,0,p,0,p,] = 9;.

(11)

Taking into account (10), last equalities (11) and the design of E we can
conclude that F satisfies conditions (12) below.
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El0,0,0,p,p,p,0,0,0,1,1,1,0,0,0,0,0,0,
Dy Py Py Py Py Py 0,0, 0,0,0,0,1,1,1,1,1,1] =0,
E[0,p,p,0,0,p,0,1,1,0,0,1,0,0,0,0, p, p,
0,0,p,p,p,p,0,0,0,0,1,1,0,0,1,1,1,1] = p,
Elp,0,p,0,p,0,1,0,1,0,1,0,0,0,1,1,0,1,
0,1,0,0,1,1,0,0,p,p,0,p,0,p,0,0,p,p| = o,
Elp,p,0,p,0,0,1,1,0,1,0,0,0,1,0,1,0,1,
0,1,0,1,0,1,0,p,0,p,0,p,0,p,0,p,0,p,] =1,

(12)

It is not so difficult to verify that formula

Z(p1,--.,p2a) = Ell14,p1,p2, 3, Pa, La1, I5s, D5, P6, D7, Ps, Iss,
L5, po, pro, 118, P11, P12, P13, P14, 145, P15, P16,
Lus, Is1, p17, P18, Is4, P19, P20, D21, P22, 181, D23,
P24, I3a)].
satisfies restrictions:
Z10,0,p,p,0,0,1,1,0,0,0,0,
PPy pypy0,0,0,0,1,1,1,1] =0,
Zlp,p,0,0,1,1,0,0,0,0,p, p,
0,0,p,p,0,0,1,1,0,0,1,1] = p,
Z10,p,0,p,0,1,0,1,1,0,1,0,
1,0,1,0,0,p,0,p,0,p,0,p] = o,
Z[p,0,p,0,1,0,1,0,1,0,0,1,
0,1,1,0,p,0,0,p,0,p,p,0] = 1.
Now it is really easy to verify that
S(p,q) = Z[Iz2, I3, 132, I33, Ie6, I67, 176, I77, D, 17, 125,
q, I35, 138, 116, La7, I52, I53, I61, Iea, I71, I7a, Is2, Is3]

satisfies relations (7).
Lemma 4.2 is proved. 1

Lemma 4.3. Formula Iig[(p V q)] is ultra-weak expressible in the logic LB
via formula F3.

Proof. Consider formula F3. So, there are four ordered sets of elements
(a1y.ooyan), (Bise-oysBn)s (Vise-3¥n)s (01,...,0,) of the algebra By such
that

R3(aiuﬂi7’yiv5i)7 i:17"')n7 (13)
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and next relation is false

Rg(Fg[Oél, e ,an],Fg[ﬁl, e 7/8n]aF3[717 e ,7n],F3[51, . ,5n])

Consider new ordered sets of elements (o}, ...,ah), (81, -+, Bo), (Vi3 70,
(8%,...,0,,) from algebra B2 such that

Aa; = Adj, AB; = AB, Ay = Ayl AS; = AS,
o; €{0,1}, B; € {0,1}, +; € {0,1}, &, € {0,1}.

Clearly,
o 00001111
B 00110011
’y; < 01 010101 (14)
5; 01101001
Consider formula Fj = I;g[F3]. It is clear, by properties of F3, we have
Floa,. .., an 00001111
By, .-, 5.] 00110011
C
Fé[vl,...,'yn] =101 010101 (15)
FI[61, ..., 0n] 10010110
Examine formula B(p1,...,p,) designed according to the scheme
F, if Fila/y,...,al] =0,
B(plv"'apn): 3 ’ . 3/[ /1 :L]
I81[F3], lfF3[Oél,...,Oén]:1.
It is easy to verify that
Blad, . .., an] 0000
BlBy,...,5,] 0011
- 16
Bh/la"'?ryn] - 0101 ( )
B[51....,0,] 1001

Then build formula B'(p,q,r) = B[Bj,...,B)], where for any i = 1,...,n
Bl(p,q,7) =0, if o, =0, 8, =0,4; =0, 5, =0,

Bi(p,q,7)=p, ifa,=0,8,=0,+,=1,8 =1,
Bi(p,q,r)=¢q, ifa,=0,8,=1,4.=0, 0, =1,
Bl(p,q,r) =7, ifa,=0,8,=1,v,=1,5, =0,

;( 7Q7T) = ISlV]? if a; =1, ﬁ; =0, 7; =0, 6; =1,
;(p’%r) = ISl[Q]’ if O‘; =1, B; =0, 7; =1, 52 =0,
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Bi(p,q,7) = Is1(p), if o, =1, 8, =1,+, =0, 8, =0,
Bi(p,q,r)=1,ifa,=1,8,=1,v.=1,0, =1

Therefore, according to relation (16), we obtain

B'[0,0,0] 0 00O
B'[0,1,1] 0011
B01]| S0 1 0 1 (17)
B'[1,1,0] 1001

Let a = B'[0,0,0], 3 = B'[0,1,1], v = B'[1,0,1], § = B'[1,1,0]. Consider
formula A(p, q,r) designed according to the scheme:

B'(p,q,r), ifa=0,8=0,7y=0,0=1,

Alp,gur) = B'(p, Isilq], Is1lr]), ifa=0,8=0,7v=1,6=0,
. B'(Is1(p), ¢, Is1lr]), ifa=0,6=1,7=0,5=0,
B'(Is1(p), Is1[q),7), ifa=0,8=1~v=1,=1.

Formula A(p,q,r) is ultra-weak expressible via formula F3. It follows from
(17) and from design of the formula A(p, g, r) that

A[0,0,0] =0, A[0,1,1] =0, A[1,0,1] =0, A[1,1,0] =1.

Therefore formula I1g[(p V ¢)] is ultra-weak expressible via formula F3 and
A(p, q,7) in each of the following sub-cases:
1) If A[0,1,0] =0, A[1,0,0] = 0, then I15[(p V q)] = A[L1s(p), 1s]q], 0].
2) If A[0,1,0] =0, A[1,0,0] =1, then I15{(pVq)] = AlIs1(p), 13(p), L1s[q]]-
)IfA[ ’ ’0] =1, A[L ’ ] =0, then 118[(p )] [118( ) I81(p)v118[QH
4) IfA[ ) 70] =1, A[LO’O] =1, then 118[(]7 )] = [181( ) Il8[Q]7181[QH
Lemma 4.3 is proved. I

Lemma 4.4. Conjunction (p&q) is ultra-weak expressible in the logic LB
via formulas C(p,q) and D(p,q) satisfying conditions (1), via formula S(p,q)
which respects restrictions (7) and via formula I1ig[(p V q)].

Proof. Consider possible values for S[1,0] and design formulas J'(p,q) and
J"(p, q) according to the schemes:

o fhelSaa), it S[1,0] € {0, ),
) = {nasw, ~pl. i S[L0] € {0, 1),

" . Iss[S(p, 9)], if S[1,0] € {0, 1},
Te.0) = {183[5@1, —~pl, if S[1,0] € {0, p}.
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It is not so difficult to verify that

J'[0,0]=0, J[o,1] =0, J[1,1] =1,

J"0,0] =0, J"[0,p] = p, J"[1,0] = 1.
Now consider formulas

Is6(p) V Isslg) = J'[Ie1[C[T12(p), i2[q]]], Iis[(p V @)]],
Ino(p) V Inalq] = J"[L1s[(p V )], CI22(p), I22[q]]]-

It remains to verify that (p&q) = S[Is6(p) V Iselq], L22(p) V I22[q]].
Lemma 4.4 is proved. I

Now the algorithm for detection whether a system of formulas is ultra-
weak complete in the logic L5y is relatively simple. Suppose the system 3
of formulas is a list of formulas Gy,...,Gg. To verify that it is ultra-weak
complete in LB, it is sufficient to verify that for every class of formulas II;,
i = 1,2,3 there is a formula Gj,, j; € {1,...,k} that do not conserve the
corresponding relation R; (i = 1,2,3) on the algebra Bs.

Theorem 4.2. The propositional provability logic L84 is decidable relative to
ultra-weak completeness of systems of formulas.

Proof. 1t is obvious taking into account theorem 4.1 and the above described
algorithm. 1

5. CONCLUSIONS

Theorem 4.1 provide us necessary and sufficient conditions for detecting
completeness of systems of formulas relative to ultra-weak expressibility in
the propositional provability logic LB,. We can consider a slice of extensions
of GL [14], which also has an additional axiom AAp and examine the condi-
tions for completeness of formulas relative to ultra-weak expressibility in these
logics. Note the logic L9 is an element of this slice of extensions. Also we can
examine other types of expressibility (also weak or ultra-weak) of formulas:
implicit expressibility, parametric expressibility, existential expressibility, etc.
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