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ALGORITMIZAREA
DISTRIBUIRII OPTIME A
MANDATELOR iN SISTEME RP

Prof. univ. Ton BOLUN, ASEM :

Sunt  sistematizati indicii de apreciere a .
disproportionalitdtii si metodele de alocare a mandatelor
in sisteme RP. Este demonstrat cd minimizarea .
disproportionalititii, in sensul fiecdruia din cei .
unsprezece indici cercetafi aparte, se asigurd, in functie .
de caz, de una din trei metode: Hare, Sainte-Lagué si .
d’Hondt. Este propusd dezvoltarea metodelor Sainte- .
Lagué si d’Hondlt, care permite reducerea numdarului de
pasi si a volumului de calcule necesare pentru obtinerea .
solutiei optime. La solutia optimd, partidele in pierdere .
pierd mai putin de un mandat, iar cele in cdstig pot .
obtine in exces: la metoda Hare — mai putin de un .
mandat, iar la metodele Sainte-Lagué si d’Hondt — mai .
mult de un mandat. .

1. Introducere

La luarea de decizii colective prin votare cu .
reprezentare proportionald (RP), se cere minimizarea .
disproportiei reprezentdrii vointei decidentilor in .
optiunea finald (decizie) — disproportie cauzati de .
caracterul atit al numarului de decidenti, cat si al celui de -
optiuni alternative. Estimarea acestei disproportii implica -
folosirea unor indici speciali, o parte din care sunt .
descrisi in [1-8]. Cele mai cunoscute practici privind -
folosirea sistemelor de votare sunt, probabil, cele ce tin .
de scrutinele electorale. De aceea, in continuare, .
aspectele de optimizare, abordate privind asemenea .
sisteme, se vor cerceta, fird a diminua din universalitate, -
prin prisma scrutinelor electorale cu reprezentare
proportionali de liste de partid (coalitii, blocuri) — RPL.
Reprezentarea proportionald presupune distribuirea .
mandatelor proportional numarului de voturi acumulate .
de catre partide.

Totalizarea rezultatelor votarii, in scopul obtinerii .
deciziei colective (determindrii numéarului de mandate ce- .
i revin fiecarui partid in scrutin), presupune aplicarea .
anumitor reguli, denumite si formule, metode sau .
algoritmi, o parte din care este descrisd in [1, 2, 8]; in .
continuare acestea se vor numi, de obicei, reguli .
mvoturi—mandate” (VM). Diversitatea regulilor VM .
folosite este cauzatd, in primul rand, de diversitatea .
scrutinelor. Totodatd, distribuirea mandatelor intr-un .
scrutin poate sa difere in functie de regula VM aplicata.

O formulare a problemei generale de minimizare a .
disproportionalittii i solutia pentru cazul folosirii in .
calitate de criteriu de optimizare a indicelui Abaterii .
relative medii sunt date in [8]. In lucrare se cerceteaza !
unele aspecte ce tin de minimizarea disproportionalitatii -
in sistemele RPL la aplicarea alternata, in acest scop, a 11
criterii de optimizare, inclusiv a celor Loosemore-
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lindices of disproportionality and methods of
allocation of seats in PR systems are systemized. It is
proved that the minimization of disproportionality, in
sense of each of the eleven analyzed indices, is
assured, depending on case, by one of the methods:
Hare, Sainte-Lagué and d’Hondt. Improving of
Sainte-Lagué and d’Hondt methods, that reduce the
number of steps and calculi needed to obtain the
optimal solution, is proposed. At optimal solution,
losing parties lose less than one seat, and gaining
parties can gain in excess: by Hare method - less than
one seat, and by Sainte-Lagué and d’Hondt methods —
more than one seat, too.

1. Introduction

When taking collective decisions, using voting
systems with proportional representation (PR), to
minimize the disproportion of deciders’ will
representation in the final option (the decision) is
required. To estimate this disproportion, caused by the
character in integers of the number of deciders and the
one of alternative options, the use of special indices is
needed, some of which are described in [1-8]. The most
known practices with referewe to the use of voting
systems are, probably, the ones related to elections.
Therefore, further, the addressed optimization aspects
of such systems will be investigated (not harming the
universality) through the party-lists PR elections —

- RPL. The proportional representation assumes the
. allocation of seats proportionally to the number of

votes cast by parties.
Totalizing the voting, to obtain the collective

. decision (to determine the number of seats that

incumbent each party), involves the application of
certain rules, called also formulas, methods or
algorithms, a part of which are described in [1, 2, 8];
further, they will o be called, usually, rules ,,vofes —
seats” (VS). The diversity of used voting rules is due,
primarily, to the diversity of elections. At the same
time, the distribution of seats in an election can differ,
depending on the used VS rule.

A formulation of the general problem of

. minimizing the disproportionality and the solution, for

the case of using as optimization criterion the Mean
relative deviation, is done in [8]. In this paper some
aspects related to  the  minimization  of
disproportionality in LPR systems, using in this aim,
alternatively, 11 optimization criteria, including those

. of Loosemore-Handby [1], Sainte-Lagué [1], d’Hondt
" [1], Lijphart [4] Gallagher [1] and Mean relative
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Handby [1], Sainte-Lagué [1], d"Hondt [1], Lijphart [4]

relativ usor si fara acestea.
2. Reguli VM bine cunoscute pentru scrutine RPL

Pentru scrutinele RPL sunt definite asa reguli VM -
ca [1, 2, 7]: metoda d’Hondt; metoda Sainte-Lagué; -
metoda Sainte-Lagué modificata; cota Hare; cota Droop, -
cota Hagenbach-Bischoff si cota Imperiali. Primele trei -
reguli se bazeazd pe metoda ,celei mai mare medii” -
(highest average), iar ultimele patru — pe metoda ,,celui -
mai mare rest” (largest remainder). Esenta acestor -
metode constd in urmdtoarele. Fie: M — numarul total de -
mandate in organul electiv; n — numarul de partide care a -
atins sau a depdsit pragul electoral; ¥ — numarul total de -
— - number of seats to be allocated to party i.

voturi exprimate valabil pentru cele n partide; V;

numdrul de voturi exprimate in favoarea partidului i; x; — -
- notion of voting quota, called quota, ordinary quota or

Metoda celui mai mare rest are la bazd notiunea -
de cota de voturi, numita pur si simplu cotd, cota simpla -
sau cotd Hare, si este propusd in 1792 de A.Hamilton -
[1]. Cotd, in scrutinele cu reprezentare proportionald, se -
numeste numarul de voturi, fie si fractionar, ce revine in -
medie unui mandat. Aceastd cotd, notatd aici Q, se -
determind ca Q = V/M. Distribuirea mandatelor intre -
partide conform metodei ,,Celui mai mare rest”, la -

aplicarea cotei Hare (metoda Hare), se efectueazd - .
© integer part of z, determining the number AM = M —

“(a; +ay + ... + a,) of still undistributed seats. If AM =
- 0, than the allocation of seats is finished and it is a
intregilor numarului z. Se determind numéarul mandatelor °
inca nedistribuite AM= M — (a;+ a,+ ... + a,). Daca AM *

numarul de mandate ce se aloca partidului i.

conform algoritmului 4;:

Ha=[V/Ol i= I,_n , unde [z] semnificd partea

= 0, atunci distribuirea s-a Incheiat si este proportionala.
2) AV; = V; - a;Q, i =1,n. Cate 1 mandat, din

s-a incheiat, dar nu este proportionala.

Distribuirea mandatelor intre partide la aplicarea :
altei cote de voturi decat cea Hare se efectueazi, de :
asemenea, conform algoritmului 4;, dar Tnlocuind Q cu .

cota respectiva.

Cota Droop [7], aici notatda Qp, este propusa in .
1868 si se determind ca Op = VAM + 1) }+ 1, unde | z] :
semnificd rotunjirca prin adaos panda la intregi a -
- g, is determined as Qyp = V/AM + 1). This quota is

Cota Hagenbach-Bischoff [2], aici notatd Oy, -
se determind ca Qppz = VAM + 1). Aceasta, este mai .
mica, de obicei, decdt cele Hare si Droop si poate -
favoriza, in functie de caz, partidele cu mai multe voturi -
- determined as Q; = VAM + 2). This quota is smaller,

Cota , Imperiali” [2], aici notata O, se determind -
ca Q= VAM + 2). Aceasta este mai mica, de obicei, -
decat cele Hare si Droop si este mai mica decat cea -
Hagenbach-Bischoff si poate favoriza mai puternic |

numarului z.

din contul celor cu mai putine voturi.
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- deviation [8],
Gallagher [1] si Abaterii relative medii [8]. In cercetare -
se considerd: a) ca toti alegatorii sunt egali in drepturi, -
adica toate voturile au aceeasi pondere; b) mandatele se -
distribuie doar in baza voturilor obtinute de citre -
partidele care au trecut pragul electoral. Rezultatele -
obtinute la o asemenea supozitii pot fi, de reguld, extinse -

are investigated. In researches is
considered: a) that all electors are of equal rights, i.e.
all votes have the same weight; b) seats are distributed
only on the base of votes’ cast by parties which passed
the established threshold. Results, obtained in such
assumptions, can be, as a rule, relatively easy extended
for elections without them.

2. Well known VS rules for LPR elections

For LPR elections are defined such SV rules as
[1, 2, 7]: d’Hondt method; Sainte-Lagué method;
modified Sainte-Lagué¢ method; Hare quota; Droop
quota, Hagenbach-Bischoff quota and Imperiali quota.
The first three rules are based on highest average
method, and the last four — on largest remainder
method. The essence of these methods is the following.
Let: M — number of seats in the elective body; n —
number of parties that have reached or exceeded the
representation threshold; V" — total valid votes cast for
the n parties; V; — total valid votes cast for party i; x; —

Largest remainder method, based on the

Hare quota, was proposed by A.Hamilton in 1792 [1].
Quota, in PR elections, is called the average number of
votes, even a fractional one, per one seat. This quota,
noted here Q, is determined as Q = V/M. The allocation
of seats to parties according to the largest remainder
method with the Hare quota (the Hare method), is done
according to algorithm A;:

l.a;=Vv/0l i= I,_n, where [ z | signifies the

proportional one.

2. AV;:=V;-aQ, i =1,n. By one seat, from

. the AM ones, is additionally allocated to each of the
. first AM parties with the largest remainders AV;. The
cele AM, se alocd suplimentar fiecaruia din primele AM !
partide cu valoarea mai mare a marimii AV;. Distribuirea :

allocation of seats is finished, but it is a non
proportional one.

The distribution of seats among parties using
another quota, than the Hare one, is done also
according to algorithm Aj, but replacing O with the
respective quota.

Droop quota [7], noted here Op, is proposed in
1868 and is determined as Op = VAM + 1) | +1, where
L] signifies rounding up to integer of number z.

Hagenbach-Bischoff quota [2], noted here Oy

smaller, usually, than the Hare and Droop ones and can
favor, depending on case, parties with more votes at the
expense of those with fewer votes.

wlmperiali” quota [2], noted here @, is

usually, than the Hare and Droop ones and is smaller
than the Hagenbach-Bischoff one and can stronger
favor parties with more votes at the expense of those
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partidele cu mai multe voturi din contul celor cu mai -
putine voturi. Dacd la distribuirea mandatelor intre -
partide conform algoritmului A, are loc AM <0, atunci se -
aplica ajustari suplimentare, ceea ce a condus la folosirea -

rara a acestei cote in practica.

pentru fiecare partid i (i = I,_n), a raportului Vy/(u; + 1)

consecutiv la u; = 0, 1, 2, ..., unde u; este numarul de
mandate deja alocate partidului i. Astfel, se formeaza n
siruri de numere descrescatoare, cate unul pentru fiecare
din cele n partide. Din aceste n siruri se selecteaza cele
mai mari M numere, din care x; numere tin de sirul 7

i=Ln. Patidului i i se distribuie x; mandate, -

d’Hondt in 1878 si se numeste metoda d’Hondt [1],

propusa in 1792. Metoda poate favoriza [2], in functie de
caz, partidele cu mai multe voturi din contul celor cu mai
putine voturi.

Metoda Sainte-Lagué [1] este propusd in 1910, - 1910, being similar, by essence, to Webster method [1]

- proposed in 1832, and can be obtained from the
. d’Hondt one by replacing u; with the product 2u;.

fiind similara, dupa esentd, cu metoda Webster [1],
propusa in 1832, si poate fi obtinuta din cea d’Hondt prin
inlocuirea u; cu produsul 2u;.
Metoda Sainte-Lagué
deosebeste de cea ,Sainte-Lagué” prin 1Inlocuirea
primului divizor (2u; + 1, u; = 0) cu 1,4. Dupa cum s-a
constatat, metoda poate favoriza [2], in functie de caz,

putine voturi.

Bineinteles, in functie de caracterul problemei de
minimizare a disproportionalitatii, poate fi oportuna
folosirea si a altor algoritmi de optimizare.

3.  Indici de disproportionalitate a distribuirii -

mandatelor

In practica scrutinelor RPL, mai intai au fost - giverse SV rules and only later where proposed indices

| : ] - apr o . for the estimation of disproportionality caused by the
indici de apreciere a disproportionalitatii folosirii acestor - | ,co of these rules; of course, SV rules where proposed
. of certain considerations to ensure the proportional
. representation. It will be better, however, the inverse
. approach — the explicit definition, first, of criteria
. (indices) of seats distribution in LPR elections and only
. after that to determine the solution which will satisfy
. this criteria.

propuse diverse reguli VM si doar apoi au fost propusi

reguli; desigur, regulile VM au fost propuse din anumite
considerente de asigurare a reprezentarii proportionale.
De preferat ar fi, totusi, abordarea inversda — definirea
explicitd, mai ntai a criteriilor (indicilor) de distribuire a
mandatelor in scrutine RPL si doar ulterior determinarea
solutiei (elaborarea metodei, algoritmului etc.) care ar
satisface aceste criterii.

Procesarea voturilor poate conduce, in functie de - gy rule, to different results: the percent of seats that

. incumbent to a party is not equal, as a rule, to the
. percent of votes cast by them. Really, let: v; = 100-V/V,
- m; = 100-x;/M. The proportional representation of those
. n parties in the elective body is then, when occur the
. relations:

regula VM folositd, la rezultate diferite: procentul
mandatelor ce-i revin unui partid nu este egal, de obicel,
cu procentul voturilor acumulate de acesta. Intr-adevir,
fie. v, = 100-V/V, m; = 100x/M. Reprezentarea
proportionala a celor n partide in organul electiv este
atunci, cand au loc relatiile:

m;=v,, i=1n.

M

Dar, deoarece mirimile V, M, V;, x;(i =1, 1) sunt - - . .
- integers, the probability that in concrete elections

A o e > - equalities (1) will be satisfied is very small. So, in real
se satisfaca egalitatile (1) este foarte mica. Astfel, in |

numere intregi, probabilitatea ca in scrutine concrete sa
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modificatd [1] se - o he Sainte-Lagué one by replacing the first divisor

SQu; + 1, w; = 0) with 1,4. As was found thal this
. method can favor [2], depending on case, parties with

> : e > more votes at the expense of those with fewer votes.
partidele cu mai multe voturi din contul celor cu mai -

with fewer votes.

If the distribution of seats among parties
according to algorithm A; with Hagenbach-Bischoff or
Imperiali quota occurs AM < 0, then additional

- adjustments are applied.
Metoda celei mai mari medii prevede calcularea, -

Largest average method involves calculating,

for each party i (i=1,_n), the ratio Vi/(u; + 1)

- consecutively at u; =0, 1, 2, ..., where u; is the number
- of seats already allocated to party i. So, n decreasing
© strings of numbers are formed, by one for each of the n
. parties. From these # strings, the M largest numbers are
- selected, from which x; numbers are from string i,

i =1,n. To party i is allocated x; seats, i =1,7. The

i =1,n. Metoda in versiunea descrisi este propusi de - method in described version is proposed by d’Hondt in

21878 and is called d’Hondt method [1], this being
! 70 3 N . similar, by essence, to Jefferson method proposed in
aceasta fiind similard ca esentd cu metoda Jefferson - 179> The method can favor [2], depending on case,
- parties with more votes at the expense of those with

. fewer votes.

Sainte-Lagué method [1] was proposed in

Modified Sainte-Lagué method [1] differs

Obviously depending on the character of the

. problem of disproportionality minimization, it can be
- also opportune
. algorithms.

the wuse of other optimization
3. Indices of disproportionality of allocation
of seats

In RPL elections practice, first where proposed

Processing of votes can lead, depending of used

m,=v,, i=1,n.

1

(M

But because values V, M, Vi, x; (i =1,n) are
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scrutine RPL reale are loc o anumitd disproportionalitate -
in distribuirea mandatelor intre partide. In asemenea -
cazuri, este importantd aprecierea disproportionalitatii Tn -
cauza. In acest scop se folosesc diferite criterii, denumite -
si indici de disproportionalitate. Esenta a unsprezece din -
- the following.

Indicele Rae [3], aici notat /g, este propus in -
1967 si se determind ca devierea absolutd medie a -
- of the percentage of votes from the percentage of seats

by one party:

el este urmatoarea:

procentajului voturilor de cel al mandatelor la un partid:

1<
IRae = 22|vi o mi|’ (2)
i=1

Indicele Loosemore-Handby [1], aici notat /; :
este propus in 1971, poate fi interpretat ca devierea -
absoluti sumari dintre m; si v; pentru partidele cu deficit -
de mandate sau procentul mandatelor preluate de la unele -
partide (partide devenite, in baza acestei operiri, cu -
deficit de mandate) si distribuite altor partide (partide -
devenite, in baza acestei operiri, cu exces de mandate) si -
- distributed to other parties (parties that have become,
- under this operation, with excess of seats — gaining
- parties) and is determined as:

se determina ca:

1 n
I, , =5;|vl. —ml.|. (3)

Indicele Rose de proportionalitate [5], aici notat -
I, este propus in 1998, fiind o versiune normalizati a -
indicelui ,,Loosemore-Handby”, astfel ca reprezentarii -
proportionale s3-i corespunda valoarea de 100%, iar in -
- Loosemore-Handby index, in such a way that to
- proportional representation corresponds a value of
- 100%, and to the worst case — 0%, and is determined as:

cel mai rau caz — 0%, si se determina astfel:

I, =100—%i|v,. —ml @
i=1

Indicele Grofman [6], aici notat /g, este propus -
in 1985, se deosebeste de cel Rae doar prin inlocuirea lui -

n cu ,,numirul efectiv’ de partide N = 10* Zvlz
i=1
1 n
Ig, =— ) |v, —m,|. )
o= LS )

1, =max|v, —m,|.

i=l,n

(©)

Indicele Gallagher [1], aici notat /5, este propus -
in 1991, se deosebeste de cel Loosemore-Handby prin -
aceea ca reprezintd devierea nu absolutd, ci patraticad -
sumarda dintre m; si v; pentru partidele cu deficit de -
mandate, amplificand ponderea diferentelor |v; — m,| mai .
mari din contul ponderilor diferentelor |v; — m,| mai mici, -
- one by the representation of non absolute but of square
- total deviation between m; and v; for parties with deficit
. of seats, amplifying the weight of larger differences |v;
. - my| at the expense of weights of smaller differences |v;

si se determina ca:

1 n
Ig, :\/EZ(Vi_mi)z' (7)
i=1

Se poate usor observa ci indicele ,,Gallagher” -
putin se deosebeste de indicele ,,Celor mai mici patrate”, -
larg folosit in practica in analiza regresionala si care -

LPR elections there is a certain disproportionality of
seats distribution among parties. In such cases, the
estimation of such disproportionality is important. In
this aim are used different criteria, also called indices
of disproportionality. The essence of eleven of them is

Rae index [3], noted here /.., was proposed in
1967 and is determined as the mean absolute deviation

1 n
]Rae = _Z|vi _mi|'

n o
Loosemore-Handby index [1], noted here /; g,
was proposed in 1971, can be interpreted as the total
absolute deviation between m; and v; for parties with
deficit of seats or the percentage of seats taken from
some parties (parties that have become, under this
operation, with deficit of seats — losing parties) and

)

1 n
I, , = EZ|V" —m,|. 3)
i=1
Rose index of proportionality [5], noted here Iz,
was proposed in 1998, being a normalized version of

I, =100—li|vi —mi|.
23

[6], noted here I, was

4)

Grofman index

- proposed in 1985, differs from the Rae one only by the
- replacement of n by ,effective number” of parties

=104/
. i=1

Indicele Lijphart [4], aici notat /;, este propus in :
1994 si constituie devierea absolutd maxima dintre mz; §i v,

1 n
I, =—) |v,—m,|. (%)
o =y 2l —m
Lijphart index [4], noted here /;, was proposed
in1994 and represents the maximal absolute deviation
between m; and v;:
I, =max|v, —m,]|.

i=l,n

(6)

Gallagher index [1], noted here [I;, was
proposed in 1991, differs from the Loosemore-Handby

—my, and is determined as:

I, :\/%Zn:(vi —ml.)z.

i=1

(7

It is easily seen that Gallagher index little
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n
pentru marimile v; si m; se determina ca z (v, —m,)’.
i=1 .
Totusi, pentru masurarea acestuia in %, este oportuna
utilizarea raddcinii patrate de la expresia in cauza — -
abaterea patraticd. Astfel, notdnd indicele Abaterii -
pétratice prin /gp, avem:

Iy ZW/Z(W _mi)z'
i=1

Indicele Sainte-Lagué [1], aici notat [g;, se :
determina ca:

n 1 n mi
I, :;7(% —m,)’ :Zlv"(l_T)z' 9)

Indicele d’Hondt invers, in [1] denumit indice :
»d’Hondt”, aici notat Iy, reprezintd raportul maxim .
dintre m; §i v;:

®)

m;
_ i

1, = max—.
i=l,n vi

(10)

Indicele Abaterii relative medii [8], aici notat /,, -
reprezintd abaterea relativa medie a .
reprezentarii in organul electiv a drepturilor d; = -

ViV, i =1,n ale alegitorilor de la valoarea medie d = :
M]V si se determina astfel:

I, :%dloo = Zn:|vi —m,
i=1

. . (11)
unde Ad :lZVJdi —d|
Vv i=l1

Aici Ad; = |d; — d| reprezintd abaterea (eroarea) -
absolutd a reprezentarii in cele x; mandate a valorii d a -
drepturilor fiecarui alegator, ce a votat pentru partidul i.
Abaterea relativd medie 100-Ad/d, mésuratd in procente a -
Ad fatd de d, este echivalentd, dupd cum se poate observa -
din (11), cu procentul mandatelor prin care distribuirea -
{x1, X3, ... , x,,} diferd de cea care ar asigura reprezentarea -
egald in organul electiv a drepturilor (de valoare d) -
alegatorilor.

Indicele Abaterii standard relative [8], aici notat -

1, reprezintd abaterea standard relativa a reprezentarii in -
organul electiv a drepturilor d; = x/V;, i =1,n ale:

alegatorilor de la valoarea medie d = M/V si se determind -
ca:

IO'

2
(v —m;)~,

= %100 = 10\/ii

i=1 Vi

unde & = \/%ZV,.(di ~d)* . (12)
i=1

Aici o este abaterea standard a reprezentarii in -

organul electiv a drepturilor d;, I = 1,7 ale alegitorilor -
de la valoarea medie d, aplicand, pentru simplitate, -
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- differs from the Least square one, widely used in

practice in regression analyses and which for

n

. . 2

parameters v; and m; is determined as z (v, —m,)".
i=1

However, to measure it in %, it is opportune to use the

square root of this expression — square deviation. Thus,
- noting the Square deviation index by /5p, we have:

®)

i(Vi _mi)z'

Sainte-Lagué index [1], noted here Ig;, is

. determined as

n

1 ! m,
I, :Z_(vi _mi)2 :Zvi(l_v_l)2~ )
=1 Vi i=1 i

Inverse d’Hondt index, in [1] called d’Hondt

. index, noted here Iy, represents the maximal ratio
. between m; and v;:

(10)

m;
_ i

1, = max—.
i=l,n V;

Mean relative deviation index [8], noted here
1;, represents the mean relative deviation of the

_ representation in the elective body of electors’ rights d;

c=V/V, i=1,n from the mean value d = M/V and is
- determined as:

b

I, =%d100 = Zn“|vi —m,
i=1

) . (11)
where Ad =iZVi |di - d|
=

Here Ad; = |d; — d| represents the absolute deviation (error)

- of the representation in the x; seats of the value d of rights of

each elector that votes for party i. The mean relative
deviation 100-Ad/d, measured in percents of Ad by d, is
equivalent, as it can be seen from (11), to the percent of
seats by which the distribution {x, x,, ... , x,} differs from
the distribution which assure the equal representation in the

- elective body of electors’ rights (of value d).

Relative standard deviation index [8], noted
here I, represents the relative standard deviation of the

- representation in the elective body of electors’ rights d; =
- x;/V; from the mean value d = M/V and is determined as:

I = %100 = 10\/Zi(vi —m),

=1 Vi

where ()'=\/%Z:V,.(di—d)2 . (12)
i1

Here o 1is the standard deviation of the

- representation in the elective body of electors’ rights d,

i=1,n from the mean value d, by applying, for

- simplicity, the dividing to /" and not to V' — 1, the value
, of V being relatively large. In (12) I, is measured in
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impartirea la V' si nu la V' — 1, valoarea lui V fiind relativ

mare. In (12) /, se masoar in procente a o fatd de d.

Dupa cum se poate observa, primii sase din indicii -
enumerati — Rae (2), Loosemore-Handby (3), Rose (4), -
Grofman (5), Lijphart (6) si cel al Abaterii relative medii -
(11) — au la baza abaterea absoluta a m; de la v;, urmatorii -
patru — Gallagher (7), Abaterii patratice (8), Sainte-Lagué -
(9) si cel al Abaterii standard relative (12) — au la baza -
abaterea patratica a m; de la v;, iar cel d’Hondt invers (10) -
— raportul dintre m; si v.. De asemenea, intre indicii (2)- -
- and (11) occur the relations:

(5)si(11) au loc relatiile:

I = Ipeen/2 =15-N2=100 — Ir=1,2, (13)
intre cei (7) si (8) — relatia:
I, =1g /N2, (14)
iar intre cei (9) si (12) —relatia:
I, =101, 15)

si I, < I, egalitate avand loc doar in cazurile in

care [vi—mj=const, i =1,n.
4. Problemd generald de

disproportionalititii in scrutine RPL
Conform  abordarii  din

(8],

marimile: M; n; V; Vi, x;, i=1,n; I — indicele de

valoarea extremala a indicelui /-
I =f(M;n;V,,x,,i =1,n) —>extremum (16)

la respectarea restrictiilor:
xX1+x+... +x,=M,

N+n+...+V,="V

(17)
(18)

in (16) prin ,extremum” se subintelege valoarea

minimala sau maximala a indicelui /, in functie de esenta o maximum value of index 7, depending of its essence. If /

disproportionalitatea - signifies the disproportionality of distribution of the M seats
i ' dI€ . among 7 parties, then it is envisaged to minimize the value
lar dacd 17 of 1 and if / characterizes the proportionality of seats

caracterizeaza proportionalitatea distribuirii mandatelor : gistribution among parties, then it means the maximization

intre partide, atunci se indicd maximizarea valorii © of jts value. However, because there is not yet agreed on a

universally index of disproportionality, below it will be
- investigated the use as optimization criterion (16) of each

urmeaza se va cerceta folosirea in calitate de criteriu de . gpe fiom the eleven indices (2)-(12) described in p. 3.

optimizare (16) a fiecdruia din cei unsprezece indici (2)- :

acestuia. Dacad [ semnifica
distribuirii celor M mandate intre n partide, atunci se are
in vedere minimizarea valorii lui I,

acestuia. Totodata, deoarece incd nu s-a convenit asupra
unui indice de disproportionalitate universal, in cele ce

(12) descrisi in p. 3.
Relatiile  (13)-(15) faciliteaza

cercetarea particularititilor utilizarii celor unsprezece
indici cercetati in calitate de criteriu de optimizare in

cunoscand numérul 7 de partide, numérul ¥, / = 1,7 de . i =1,n of votes and any of these five indices, can

voturi si unul din acesti cinci indici, se pot calcula, - b calculated, according to relations (13), the other four

- indices. Even if these indices differ as absolute values,

cd Valodit - diunel it by the point of view of the minimization of
punctul de vedere al minimizarii disproportionalititii ei |

conform relatiilor (13), ceilalti patru indici. Chiar dacd
acesti indici si diferd ca valoare absolutd, atunci din
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minimizare a -

percent of o by d.

As can be seen from the first six the enumerated
indices — Rae (2), Loosemore-Handby (3), Rose (4),
Grofman (5), Lijphart (6) and the Mean relative
deviation (11) — are based on absolute deviation of m;
from v;, the following four — Gallagher (7), Square
deviation (8), Sainte-Lagué (9) and the Relative
standard deviation (12) — are based on square deviation
of m; from v;, and the inverse d’Hondt one (10) — the
ratio between m; and v;. Also, among indices (2)-(5)

Ly =Ipeen/2 =I6NI2 =100 - I = 1,2, (13)
- between the (7) and (8) ones — the relation

Iy, =1y /2, (14)
and between the (9) and (12) ones — the relation
' I, =101, (15)

and [, < I,, the equality holds only in cases when |v; —

mj=const,i=1n.

4. General problem of minimization of

- disproportionality in LPR elections
problema -
minimizarii disproportionalitatii in scrutine RPL poate - problem of minimization of disproportionality in LPR

fi formulatd in modul urmator: fie sunt cunoscute - .
- elections can be formulated as follows: let be known

According to the approach from [8], the

] ) ) ] . . the parameters: M; n; V; V;, i=1,n; I — index of
disproportionalitate. Se cere determinarea marimilor x; - .. . . .

| = T) numere intregi nenegative, care ar asigura : d1sproport10nahty.71t *
(i=1Ln £ & ’ £ - nknowns x; (1 =1,n) — non-negative integers, which

required to determine

- will assure the / extreme value:

I:f(M;n;I/,-,Xi,i=1,_n)—>extremum (16)

in compliance with restrictions:
: Xit Xt ..t x,= M, (17)
Vit Vh+ ...+ V,=V. (18)

In (16) by ,.extremum” is understood the minimum

5. Algorithms for the minimization of

- disproportionality
5. Algoritmi de minimizare a disproportionalitatii

considerabil | jnyestigation of particularities of using the eleven

- investigated
- problem (16)-(18). With reference to indices (2)-(5)

problema (16)-(18). In ce priveste indicii (2)-(5) ﬂl D, " and (11), knowing the number n of parties, the number

Relations (13)-(15) considerably facilitate the

indices as optimization criterion in

Revista / Journal ,, ECONOMICA” nr3 (77) 2011



INFORMATICA SI CIBERNETICA / INFORMATICS AND CIBERNETICS

conduc la aceeasi solutie: asigurarea disproportionalitatii
minime pentru un scrutin conform unuia din ei asigura
disproportionalitatea minima si pentru fiecare din ceilalti
indici. Deci,

de optimizare doar unul din acestia (oricare din cei (2)-

(5) si (11)). In mod similar, in calitate de criteriu de -

optimizare poate fi utilizat doar unul din indicii (7) si (8),

precum si unul din indicii (9) si (12). Astfel, din cei -
unsprezece indici (2)-(12) este suficient de cercetat in -

calitate de criteriu (16) in problema (16)-(18) doar cinci;
se vor cerceta indicii: (6), (7), (9), (10) si (11).

Pentru cazul folosirii in calitate de criteriu de -
optimizare a indicelui Abaterii relative medii (11), n -
[8] este demonstrat cd solutia optima se obtine conform -
metodei celui mai mare rest cu cota Hare. Valoarea -
- Largest,

optima [ ; a indicelui /; se determina ca [8]:

. 2002@ R,) =200 ———Z

1, AM sunt cele mai mari AM where R;, j =1,AM are the largest AM remainders

unde R;, j =

resturi din cele AV, l—l n. Din (19) se poate;

observa ci I, 4 depinde de AM/M si raportul (R; + R, that

+ ... + Ryy)/V. Totodata, deoarece 1 < AM < n - 1,
valoarea AM depinde si de numarul de partide. In baza
relatiilor (19) si (13) pot fi usor obtinute expresiile

£

pentru valorile optime I, .1y, I, si I, ale

indicilor 1y, Irge, Iy §1 Iz

cota Hare asigura solutia optimd si 1In

a;=[ dV;| mandate, unde [ z | semnifica partea intregilor

numarul de mandate ce trebuie sad-i revina partidului i,
suplimentar la cele @;. De asemenea, avem Q = 1/d.
Atunci are loc V; =
este restul de la impartirea Iui V; la Q. Folosind
modalitatea aplicatd in [8] pentru indicele (11),
expresia (8) poate fi prezentata in forma:

Edisproportionality, they lead to the same solution:
- assuring the minimum of disproportionality for an
- election according to one of them assures the minimum

din punctul de vedere al minimizarii -
disproportionalitdtii, poate fi folosit in calitate de criteriu -

of disproportionality for the other indices, too.
Therefore, from the point of view of the minimization

- of disproportionality, can be used as optimization

criterion only one of them (anyone from the (2)-(5) and

(11)). In a similar mode, as optimization criterion can

be used only one of indices (7) and (8) and one of
indices (9) and (12) as well. Thus, from the eleven

- indices (2)-(12) it is sufficient to investigate as
- criterion (16) in problem (16)-(18) only five; it will be

investigated indices: (6), (7), (9), (10) and (11).

For the case of using as optimization criterion of
Mean relative deviation index (11), in [8] is proved
that the optimal solution is obtaining, according to
remainder method with the Hare quota.

> Optimal value I* of index I, is determined as [8]:

(19)

from the AV, i = I,_n ones. From (19) it can be seen

*

1, depends on AM/M and on ratio (R + R, + ... +

" Ray)/V. Also, because 1 < AM < n - 1, the value AM
 depends on the number of parties, too. Basing on
: relations (19) and (13) can be easily obtained

 expressions for optimal values 1, ;1
. I

De mentionat cd metoda celui mai mare rest cu * ~ R

sensul °

minimizirii indicelui Gallagher (8). Intr-adevir, fie . the Hare quota assures the optimal solution, in sense of

*

I, and

Rae>

of indices 7.y, Ipue, I, and Iy.
To note that the Largest remainder method with

. the minimization of the Gallagher index (8), too.

numdrului z. Atunci x; = a; + Ax; , unde Ax; este ' Really, let a; =

[dV;] seats, where [z] signifies the

. integer part of z. Then x; = a; + Ax; , where Ax; is the
- number of seats that must incumbent to party i,

a;/d+ AV, = a; Q + AV,, unde AV, -

additionally to the a; ones. Also, we have Q = 1/d.

- Then taker place relations V; = a;/d + AV; = a; O + AV,
- where AV; is the remainder from dividing of V; to Q.
- Using the modality applied in [8] for index (11),
. expression (8) can be presented in the form:

n

2

i=1

1 n
72

.1
min_[—
2

v, -m)’ = lOO-min\/

Z(V Ox,)* =
i=1 20)

100

Astfel,

distribuit deja proportional (contribuirea la valoarea
I, fiind 0) cate a; mandate, folosind in acest scop @,Q
voturi si ramanand inca nedistribuite

Revista / Journal ,, ECONOMICA” nr3 (77) 2011

fiecarui partid i (i=l,_n) i s-au

\/ Z(Qa +AV, - Qa, — Ax,0)* = 100, in\/%i(AV[—AxiQ)z.

Thus, to each party i (i =1,7) it was already
distributed proportionally (the contribution to the value
of I, being 0) by a; seats, using in this aim a;Q votes
and remaining undistributed yet
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iAx[ :M_Zn:a,- =AM mandate la AMQ

i=1 i-1

n n

ZAxi =M—Za[ = AM seats at AMQ unused
i=1 i-1
votes, and the
disproportionality

problem of minimization of
is reducing to determining

- Ax,,1=1,n which will assure:

voturi nefolosite, iar problema de minimizare a;
disproportionalitdtii s-a redus la determinarea -
Ax;,i =1,n, care ar asigura:

100 |1
I, = v \/22(AV Ax,0)* - min (21)

i=1
la respectarea restrictiei

AM =) Ax,=d) AV,
i=1 i=1
Evident, nu poate fi Ax; > 1 si nici Ax; < 1,

(22)

100

, Z(AV Ax,0)° - min (21)

i=1

Ga

A

- in compliance with the restriction

deoarece in asemenea cazuri ar creste valoarea /g, in -
(21) fata de cazurile Ax; = 0 sau Ax; = 1. Expresia Q — -

AV, =

restului R; = AV; pand la cota Hare Q. Fiecare astfel
. Each such complement contributes to the value of /g,

complement contribuie la valoarea /g, doar dacad Ax; =

nu contribuie, daci Ax; = 0, in acest caz contribuind la -

voturi pe care le pierde partldul i. In total sunt n
marimi Ax;, din care doar AM diferite de 0. Tinand -
. differ from 0. Taking into account that the total number

cont ca numarul total AR de voturi suplimentare,

distribuite partidelor pentru care Ax; = 1, este egal cu -
- which Ax; = 1, is equal to the total number AV of votes
- loosed by parties for which Ax; = 0, we have:

numarul total AV de voturi pierdute de catre partidele
pentru care Ax; = 0 avem:

AR = ZAR = AMQ - ZR

Jj=1

Inlocuind (23) in (21), obtinem:

100\/ (ZARZ

in) — mir.

=AM +1

DR, =AV.

=AM +1

Sa determindm conditiile de minimizare a
expresiei din paranteze a formulei (24). Din (24) -
- that the value (Q - AV) is preferable, to the (O - AV,) one, to
cea (O - AV})?, pentru a fi unul din cei AM factori ai :

rezultd ci mirimea (Q - AV;)* este preferabil, fata de

primei sume, daca are loc relatia (Q - AV)* + Asz
© - AR + AV?,
scontatd: AV; < AV;. Deci pentru a minimiza valoarea
I, este necesar si suficient ca din cele n de ales AM,
cele mai mari valori ale resturilor R; = AV; si fiecaruia
din partidele respective de alocat inca cate un mandat
la cele a; deja alocate. Distribuirea optima este

incheiata anume folosind metoda celui mai mare rest
cu cota Hare, ceea ce si se cerea de demonstrat.

Prezinta interes aprecierea cantitativa analitica a - . L % . . .
. . _ - of disproportionality /, of the optimal solution. This value
a solutiei optime. Aceasta :

disproportionalitatii [ éa

valoare este datd de expresia (24) la I, = ~ 92, adica
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QO — R, = AR, > 0 reprezintd complementul - Expression Q — AV; = Q — R, =

1, partidului i revenindu-i un surplus de AR; voturi, i - only if Ax; =

AM =) Ax, =d ) AV,

i=1 i=1
Evidently, it can’t be neither Ax; > 1 nor Ax; <1,
because in such cases the value of /g, in (21) will
increase relative to cases of Ax; = 0 or Ax; = 1 ones.
AR; > 0 represents the
complement of remainder R; = AV; to the Hare quota Q.

(22)

1, party i assuming in excess AR; votes,
and not contributes, if Ax; = 0, in this case contributing

valoarea Ig, restul AV; = R; insusi, egal cu numérul de - to the value of I, the remainder AV; = R; itself, which

is equal to the number of votes loosed by party i.
Totally, there are n values Ax;, from which only AM

AR of supplementary votes, distributed to parties for

(23)

Replacing (23) in (21), onwe can obtain:

24

Let us determine the conditions to minimize the
expression in brackets of the formula (24). From (24) results

be one of the AM factors of the first sum, if the relation (Q -

< IAVY+ Asz <(Q- AV + AVi2 occurs, from where we

de unde obtinem conditia - a0 easily obtain the expected condition: AV; < AV,. Hence,

. to minimize the value of /5, it is necessary and sufficient that
: from the 7 ones to select AM largest values of remainders R;
: = AV; and to each of the respective parties to allocate by one
. additional seat to the ¢; already allocated ones. The optimal
. distribution is finished and, namely, using the Largest
: remainder method with the Hare quota, just what was
: required to prove.

It is of interest the quantitative analytical estimation

- is done by expression (24) at I, = :;a ,le.
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minl,, =1, = IOO\/ (Z(Q R+ ZR ) =100 [Z( Z ( , (25

V =AM +1 J=AM+1

unde R;, j =1, AM sunt cele mai mari AM resturi din where R;, j =1, AM are the largest AM remainders from

cele AV, i=1,n. Astfel, 1 ;d depinde de M, AM si - the AV, i =1,n ones. Thus, / Za depends on M, AM and

raporturile R/V, j = 1,7 . Totodats, deoarece 1 < AM ' ratios RV, J= I,_n . Therewith, because of 1 <AM <n -

<n - 1, valoarea AM depinde de numarul de partide. in 1, the value AM depends on the number of parties. Basing
baza (25) si (14), poate fi usor determinata si expresia - on (25) and (14), it can be easily determined the

. - * . . . . . . * .
pentru valoarea optima / sp aindicelui Igp. ~ expression for the optimal value [/ sp of index Igp, too.
Sa folosim abordarea, aplicatd la minimizarea ; Let’s use the approach, applied to minimizing

indicelui ,,Gallaghef”, pentru minimizarea indicelui ; the Gallagher index, for the minimization of the
Sainte-Lagué (9). In baza relatiei (20), indicele (9) . Sainte-Lagué index (9). Basing on relation (20), index
poate fi prezentat in forma: 2 (9) can be presented in the form

min/l, , =1, =$min %(AVi - Ax,0)’, (26)

i=l1 i

fiecarui partid i (i =1,7), ca si la obtinerea . to each party i (i =1,7), as when obtaining relation
relatiei (20), fiindu-i deja distribuite proportional : (20), being already allocated proportionally (the
(contribuirea la valoarea Ig; fiind 0) cate ¢; mandate, : contribution to the value of Ig; being 0) by a; seats,
folosind in acest scop @;Q voturi §i ramandnd inca : using in this aim @0 votes and still remaining

n n n n
nedistribuite ZAxi =M _Zai = AM mandate * undistributed ZAXZ. =M —ZCIZ. = AM seats at
i=1 i1 : i=1 i-1
la AMQ voturi nefolosite, iar problema de minimizare : AMQ unused votes, and the problem of minimization
a disproportionalititii /s, s-a redus la determinarea : of disproportionality /s, is reducing to determining

Ax,i=1,n. DA i=1n.
Sa demonstram cd Ax, ZO,i=l,_n.Fie As; — To proof that Ax; ZO,i=l,_n, let As; —

numarul de mandate alocate suplimentar partidului 7 la number of seats allocated to party i additionally to the

cele a;, i =1,n si As;= 0. Atunci este preferabild, in a;, i =1,n ones and As;= 0. Then it is preferable, in

sensul (26), redistribuirea unui mandat de la partidul £ : sense of (26), to reallocate one seat from party & to the i
la cel i, dacd are loc inegalitatea . one, if holds the inequality

[(As, +1)O - AV’ +(Q+AVk)2 <(AS,Q—AV,)2 +AV;3
v, v, v, v,

1 1

sau, in urma unor transformari simple, dacid (Q +
2As)/V: + O/Vy < 0, ceea ce nu poate fi, deoarece

As;, 20,i=1,n. Astfel, Ax; 20,i =1,n, ceea ce

si se cerea de demonstrat.
Fie E — numarul de partide cu exces de mandate
(m; > v;), adica pentru care Ax; > 0. Atunci,

considerand Ax; > 0, I=1E ,E siAx, =0, l—E+l n,
expresia (26) ia forma

or, after some ordinary transformations, if (Q + 2As,)/V;
+ Q/V; <0, that can’t be, because of As, = 0,i =1,7.

So, Ax; 20,i=1,n, just what it was needed to

proof.
Let E — number of parties with seats in excess
(m;> v,) i.e. for which Ax; > 0. Then, considering Ax; >

0, l—l Eand Ax,=0, [ = E+1,n, expression (26)
takes the form
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(AXQ R)’

I, (Z

U

unde:

- I/h Rl

(Ax;Q — AV; )*/V; — raporturi pentru care Ax; = 0. Sa
determinam conditiile de minimizare a expresiei din
paranteze a formulei (27). Din (27) rezulta ca raportul
(Ax;Q — AV)*/V; este preferabil fatd de cel (Ax;Q —

AVk)z/Vk, unde Ax; = 1, pentru a fi inclus in cele -

relatia:

AV;, S
(Ax,Q—Rl)Z/U,,ZZI,_Esunt acele £ < AM -
raporturi (Ax;,Q -AV; )Z/V,- pentru care Ax; > 0, iar .
R} /U,,l =AM +1,n sunt celelalte n - E raporturi -

Z ) @7)
U,
where: U, = Vi, R = AV

(Ax,Q—Rl)Z/U,,ZZI,_Eare the £ < AM ratios

(Ax-Q -AV; )2/V which Ax; > 0, and

are the other n - E ratios
i(AxQ —AV )/V — ratios for which Ax; 0. Let
. determine the conditions for the minimization of the
. expression in brackets of formula (27). From (27)
- results that the ratio (Ax;Q - AV})*/V; is preferable, to
> the (A QO -A Vk)z/ V. one, where Ax; = 1, to be included

for

I =1,E raporturi ale primei sume, daci are loc - i the P=1E ratios of the firs sum, if holds the
’ ’ - relation:
(AQ-AV)'  AV; _(Q-AV)  [(Ay ~DQ-AVT
Z A Z |

de unde obtinem conditia scontata:

0QAx, ~) =24V, _Q-24V,

V.

1

Ve

Tindnd cont cad V;=a, Q + AV;si Vi=a; O +
+ AV}, relatia (28) poate fi transformata in

0QAx, —1) -2V +a,0 Q-2V, +a,0

B

Vi Vi
2a, +Ax) -1 2a, +1
de unde <
Vi Vi
sau
Vi Vi
> .
2(a, +Ax;)-1 2a, +1
Daca are loc conditia (29), atunci este

preferabila, in sensul (27), adaugarea, la cele a;, a inca
Ax; mandate partidului i fatd de addugarea, la cele qy,
inca a unui mandat partidului k. Deci expresia (27)
poate fi prezentata in forma:

Q-R)
Ul

. _100 & (Ax
Z(

unde marimile (Ax,Q—R,)*/U,,l = 1, E corespund
celor mai mari AM raporturi Vy/[2(a; + Ax;) -1] la Ax; > 0,
i = 1,n . In baza relatiilor (30) si (15) poate fi usor obtinuti

146

E from where we can easily obtain the expected condition:

(28)

Taking into account that V; = a; O + AV; and
Vi=a,Q + AV}, the relation (28) can be transformed into

0QAx, -1) -2V, +a,0 Q-2V, +a,0

B

1
1
1
1
: Vi Vi
1
' 2(a;, +Ax;)-1  2a, +1
' from where <
! Vi Vi
: or
(29)
Daca are loc conditia (29), atunci este

preferabild, in sensul (27), adaugarea, la cele a;, a Inca
Ax; mandate partidului / fatd de adaugarea, la cele «,
incd a unui mandat partidului k. Deci expresia (27)
1 poate fi prezentata in forma:

35,

(30)

I=E+1

values

where of (AXIQ—RI)Z/UI,IZI,_E
correspond to the largest AM ratios Vy/[2(a; + Ax;) -1] at Ax; >

0, i =1, . Basing on relations (30) and (15), it is easy to
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expresia pentru valoarea optima / ; a indicelui /. Din (29)

poate fi obtinut plafonul pentru valoarea Ax;:

Axi <M_ai +l.
2V,

Daci consideram V; = a;(Q + 1), Vi~ ;O si 0 >> -

2a; +1, atunci Ax; < (1 + a/a,)/2. De exemplu, la a;/a;, =3
plafonul pentru valoarea Ax; este egal, aproximativ, cu 2.

obtain the expression for the optimal value IZ of index I,

From (29) can be obtained the upper limit for Ax;:
(€2))

If considering V; ~ a; (Q + 1), Vi =~ a; Q and Q

>>2a; +1, then Ax; < (1 + a;/a;)/2. For example, at a;/a;
- = 3 the upper limit for Ax; is equal, approximately, to 2.

Conditia (29), la Ax; = 1, este similarad celei -
folosite la metoda ,,Sainte-Lagu&”, cu deosebirea ca aici
afa;) nu ia consecutiv valorile 1,2, 3, ..., cia; = |—V,-/Q—| :
(de asemenea, a; = | V}/Q1), iar conditia (31) poate fi -

utilizatd pentru reducerea volumului
Algoritmul A, de determinare a solutiei optime, in sensul
minimizarii indicelui ,,Sainte-Lagué€” (9),
rezultatele obtinute, consta in urmatoarele:

calculelor. -

Condition (29), at Ax; = 1, is similar to the one
used with Sainte-Lagué¢ method, with the only
difference that here aia;) doesn’t take consecutively
the values 1, 2, 3, ..., but a; = |—V,-/Q—| (also, a; =
[ V/O1), and condition (31) can be used to reduce the

: volume of calculi. Algorithm A, of determining the

folosind :

optimal solution, in sense of Sainte-Lagué index (9)

: minimization, using the obtained results, consists of the

AM=M — (a, + a, + ... + a,). Daca AM = 0, atunci :
. Determining AM:==M — (a; + a, + ... + a,). f AM =0,

2. Cate Ax; > 0 mandate, din cele AM 1inca .
nedistribuite, se alocd suplimentar primelor £ < AM
partide cu valoarea mai mare a raportului V/[2(a; + Ax;) - .
1]. In acest scop, poate fi folositi metoda Sainte-Lagué, -

distribuirea mandatelor s-a incheiat §i este proportionala.

putine calcule la acest pas asigurd urmatoarea procedura:

Lx;=a=lav;|=[V/Ql i = 1,_71 . Se determina following:

Lox = a = l[av] = [Vl i=Ln.
than the allocation of seats is finished and it is a
proportional one.

2. By Ax; > 0 seats, from the AM still undistributed
ones, are additionally allocated to the first £ < AM parties

dar fncepand cu % = @ (ou cu u; = 0), i = E Mai > with the largest ratio V/[2(a; + Ax;) -1]. In this aim can be

> used the Sainte-Lagué method, but beginning with u; = g;

2.1. Partidele se ordoneazi in ordinea descresterii -
- assures the following procedure:

raportului V/(2a; + 1).

2.2.E:=AM‘Ax,-:=1,l'=1E;Ax,-=0,E X
’ > - of the ratio V/(2a; + 1).

i=FE+1n.
2.3. Daca E = 1, atunci trecem la p. 2.8.
24.

(not with ;= 0), i = 1,71 . Fewer calculations at this step

2.1. Parties are ordered in the decreasing order

22.E = AM; Ax; =1, i=1LE; Ax; = 0,

- i=E+Ln.

Ax, =[V.(2a, +1)/(2V,)—a, +1/2]i=1,E~1. :

Aici| z | semnifica partea intregilor de la z.
i=1
lap.2.8.

atunci trecere la p. 2.8.
2.7. Din cele E siruri de rapoarte V/[2(a; + j;) — 1],

26. A =0;S=S-1;E=E—1.DacaS=AM, -

J; =1,Ax; , se elimina cele mai mici £ — AM rapoarte :

i=LE.

incheiat, fiind, totusi, neproportionald. Totodatd, partidele -
in pierdere pierd, conform pasului 1, mai putin de un -
mandat, iar partidelor cu mandate in exces le pot reveni -
suplimentar mai mult decat 1 mandat (vezi, bundoara, -

exemplul 1).
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2.3.1f E=1, then go to p. 2.8.
2.4.

- Ax, =[V.Q2a, +1)/(2V,)—a, +1/2|i=1E -1

E
258 = Z Ax; . Daca S = AM, atunci se trece - _ Here |z | signifies the integer part of z.

E

2.5. 8 =) Ax; .1f S = AM, then go to p. 2.8.
i=1

26 =0, S=S-1,E=E-1.1fS=AM,

then go to p. 2.8.

2.7. From the E strings of ratios Vi/[2(a; + j;) —

si, respectiv, se actualizeazd valorile marimilor Ax; 11, j; =1, Ax; , to remove the smallest £ — AM ratios

> and, respectively, to actualize the values of Ax,

. o L i=LE.
2.8.x;,:=a;+ Ax, i =1,n. Stop. Distribuirea s-a : ’

2.8.x;:=a;+ Ax;, i =1,n. Stop. Distribution is
finished, being, however, non proportional. Therewith,
losing parties lose, according to step 1, fewer than one
seat, and parties with seats in excess can incumbent

\ additionally more than 1 seat (as in example 1).
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Exemplul 1. Fie: M= 101 mandate; n = 20 partide;
11157 voturi; V7 = 8300 voturi; V; = 151

vV

voturi, i = 2,8 ; V. =150 voturi,1 = 9,20.
Rezultatele calculelor sunt prezentate in tabelul 1. In
cazul dat, pentru primul partid, solutia conforma indicelui
»Sainte-Lagu€” este mai mare decat cea conformd
indicelui ,,Abaterii relative medii” cu 7 mandate, din care
mai mult de 6 (6,86) mandate in exces, defavorizand
astfel considerabil celelalte partide.

Example 1. Let: M = 101 seats; n = 20 parties;
V = 11157 votes; V, = 8300 votes; V; = 151 votes,

1= 2_,8; V., =150 votes, 1 =9,20. Results of done

calculations are presented in table 1. In this case, for
the first party, the solution according to Sainte-Lagué
index is larger than the one obtained to mean relative
deviation index by 7 seats, from which more than six
(6,86) seats in excess, at a considerably expense of the
other parties.

Tabelul 1/ Table 1
Compararea metodelor Sainte-Lagué si Hare/
Comparison of Sainte-Lagué and Hare methods

x o i =28 |x, =920 | Iss.% L%
Metoda Sainte-Lagué (A,)/
Sainte-Lagué method (A,) 82 ! ! 242 13,59
Metoda Hare (A;)/
Hare method (A)) s 2 ! 3,15 8,78

De mentionat ca relatia (29) poate fi obtinuta si
direct, fara a folosi egalitatea AV; = a; O + AV}, doar ca
atunci nu devine explicitd aplicarea primului pas al
algoritmului A,. intr-adevir, in baza relatiei (20),
indicele (9) poate fi prezentat in forma: '

. * 1 . N
mmnlg, =1, =$mln

i=l1 i

Fie ca s; este numarul de mandate deja alocate

partidului i sis; <x, [ = I,_n Atunci este preferabil, ;
in sensul (32), de alocat incé As; mandate partidului 7, E
decat de alocat incd un mandat partidului 4, daca are :
loc conditia: '
LV~ (5, + As)OT + (7
y B i i yook

i k

de unde, ca rezultat al unor transforméri simple, :
obtinem 2(s; + As;)/V; < (2s, + 1)/V} sau '

V.

l

V=50

Note that the relation (29) can be also obtained
directly, without the use of the equality AV; = a; O + AV,
but in this case it doesn’t become explicit the application
of the first step of algorithm A,. Really, basing on relation
(20), the index (9) can be presented in the form:

(32)

Noting s; the number of seats already allocated
to party i, s; < x;, I =1,n. Then it is preferable, in

sense of (32), to allocate As; more seats to party i, than
to allocate one more seat to party k, if holds the

1 condition:

~5,0) < Vik[m ~ (s, + DO +Vii[Vi — (s, +As, ~ QT

from where, after some ordinary transformation, we
obtain 2(s; + As)/V; < (2s, + 1)/V} or

Ve

> ,
2s, +As,) -1 2s, +1

care, la As; = 1, se reduce la regula ,,Sainte-Lagué” de
distribuire a mandatelor.

In baza unor sugestii similare cu cele privind
aplicarea indicilor (7) si (11), se poate usor constata ca
minimizarea indicelui Lijphart (6) se asigura de
metoda celui mai mare rest cu cota Hare. Valoarea

* . . . . . - A

I, a indicelui /; pentru solutia optimi, in sensul
minimizarii indicelui ,,Lijphart”,
concret se obtine conform expresiei:

intr-un scrutin

148

(33)

which, at As; = 1, is reducing to the Sainte-Lagué rule
of seats distribution.

Basing on suggestions similar to the ones with
reference to the application of indices (7) and (11), it can be
easily find that the minimization of the Lijphart index (6)
is assured by the largest remainder method with the Hare

quota. The value [ Z of index I, for the optimal solution, in

sense of the minimization of the Lijphart index, for a concrete
election is obtained conform to expression:
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I, =minmax | v, —m, |:$minmax | AV, — Ax,Q |:$minARk, (34)
i=1

i=l,n i=l,n

unde AR, este cel mai mare dintre AM cele mai
mici complemente AR; din cele » in total.

Optimizarea distribuirii mandatelor in sensul
indicelui d’Hondt invers (10) presupune [1] ca cel mai

where AR, is the largest from the AM smallest
complements AR, from the n ones in the total.

The optimization of seats distribution, in sense
of inverse d’Hondt index (10), assumes [1] that the

mare dintre rapoartele m/v, 1=1,n, la respectarea ! largest of ratios myv;, i=1,n, in compliance with

restrictiilor (17)-(18), sa fie pe cat posibil mai mic, adici 1 restrictions (17)-(18), be as small as possible, i.e.

x . m, . X, . a, +Ax.
1, :mlnm@(—’:mmm@&:mmmgu. (35)
i=l,n Y. i=l,n V i=l,n R
1 1 1
Evident, O(a; + 1)/V;> 1, Qa/V; < 1sia; +a, + Evidently, O(a; + )/V;> 1, Qa/V; < 1 and a; +
.ta,<M<nt+a tay+t+.. ta,. capt.ta, SM<ntatat.. ta,
Egalitate in ultima relatie are loc doar la - Equality in the last relation occurs only at

distribuirea proportionald a mandatelor intre toate cele n - proportional distribution among all the n parties,
partide, [:H =1. Daci I;H >1, atunci se poate : ];H =1.1f [:H > 1, then it can be proved that for

demonstra ca _pentru solutia optimd au loc relatiile the optimal solution relations Ax, >0,i=1,n
Ax, 20,i=1,n

mandate alocate suplimentar partidului i la cele a;, - party i additionally to the a;, i = 1,7 ones and As;>

i=1Ln siAs>0,As;= 0. In asemenea conditii, Oa; + 0, Asy = 0. In such conditions, O(a; + As)/V; >
As)V; > QaJVy si este preferabild, in sensul (35), - Qaw/Vi and is preferable, in sense of (35), to
redistribuirea unui mandat de la partidul & la cel j, daca - reallocate one seat from party & to the j one, if holds
are loc inegalitatea: - the inequality:

. Intr-adevar, fie As, numirul de - occur. Really, let As; — number of seats allocated to

X Oa; +As, +1);Q(ak -1 < max O(a, +AS/);Qak
V. v, v,

J

ma.

J
adicd dacd O(a; + As; + 1)/V; < Q(a; + As)/V), ceea ce - ie. if Q(a;+ As;+ 1)/V; < O(a;+ As))/V}, which can’t be,

nu  poate fi, deoarece Ay, > 0. Astfel, ;o000 of As;> 0. Thus, Ax; = 0,i =1,n, just what
Ax, =2 0,i =1,n, ceea ce si se cerea de demonstrat. -

. was required to prove.

> . i >
Asadar, pentru E < AM partide are loc Ax; > 1’ : So, for E < AM parties occur Ax; =1, and for
: - 0. Therefore and
tindnd cont cd Qa/V; < 1 si O(a; + 1)/V; > 1, la - taking into account that Qa,/V; < 1 and QO(a; + 1)/V;> 1,

iar pentru celelalte n — E are loc Ax; =0.Deaceeasi 0 other n — E ones hold Ax;

determinarea /,,, > 1 pot fi luate in considerare doar : when determining /,,, >1 can be taken into account

acele raporturi Q(a; + Ax;)/V;, in care Ax; > 1. Exista F only those ratios Q(a; + Ax;)/V;, in which Ax; > 1. There

1° 1 a = . . * .
asemenea raporturi; mai mult ca atat, valoarea ! it such ratios as £; moreover, the value 15, > 1 is

I} > 1 este egala cu valoarea celui mai mare dintre : equal to the value of the largest from these E ratios.
aceste E raporturi. Notand prin U, numarul de voturi : Noting by U, the number of votes cast by the party
acumulate de partidul cu un astfel de raport, iar prin R, : with such a ratio, and by R, — the remainder from
—restul de la impartirea Uj, la O, expresia (35) poate fi : dividing of U, to O, expression (35) can be presented
prezentata in forma: * in the form:

I = =

IH

. {1, dacr a,+a,+..+a, =M {1, dacr a,+a, +..+a, =M 36)

O(a, + Ax,)/U,, oncaz contrar  |(a, + Ax,)/(a, +dR,), oncaz contrar,
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Se poate observa ca raportul (a; + Ax;)/V;este, la
Ax; = 1, invers celui folosit in metoda d’Hondt. De
aceea ar fi oportun de numit indice d’Hondt Iy
indicele invers celui (10) si anume

.. . . ... N ]

Optimizarea distribuirii mandatelor in sensul 1
. . . . . . 1
indicelui d’Hondt presupune ca cel mai mic din

rapoartele v/m;, I = L_n , la respectarea cerintelor |
(17)-(18), sa fie pe cat posibil mai mare, adica !

* 7 . i .
1,,, = max min — = max min —— = max min

i=l,n

i=l,n mi

Urmand rationamente similare cu cele aplicate

la determinarea [ 1*11 , expresia (38) poate fi prezentata

1
1
1
1
1
~ 1
in forma ]

M

dU, /(a, + Ax,), oncaz contrar -

. {l, dacr a, +a, +...+a,
g =

unde U, este numarul de voturi acumulate de
partidul cu cel mai mic dintre cele E < AM <n —1 cele
mai mici raporturi Vy/(a; + Ax;), in care Ax; > 1, iar R, —
restul de la impartirea U, la Q. Din (38) rezulta ca este
preferabila adaugarea, la cele a;, a Incd Ax; mandate
partidului i fatd de adaugarea, la cele a;, Inca a unui
mandat partidului %, daca are loc conditia dVi/(a; +
Ax;) > dVy /(a,+ 1) sau, ceea ce este acelasi lucru,

{1, dacr a, +a, +..+a, =M

It can be seen that ratio (a; + Ax;)/V;is, at Ax;= 1,
inverse to the one used by d’Hondt method. Therefore
it is opportune to call d’Hondt index Iy the index
inverse to the (10) one, namely

37

The optimization of seats distribution in sense
of the d’Hondt index assumes that the smallest of ratios

vi/m;, 1= I,_n , in compliance with requirements
(17)-(18), be as large as possible, i.e.
dV.

, (38)

Ox, i=Ln q, + Ax,

Following similar reasoning as the applied when

determining / :H, expression (38) can be presented in
the form

39
(a, +dR,)/(a, + Ax,), oncaz contrar, &9

where U, is the number of votes cast by party with the
smallest from the £ < AM < n —1 smallest ratios Vi/(a; +
Ax;) in which Ax; > 1, and R;, — the remainder from the
dividing of U, to Q. From (38) results that is preferable
to add, to the a; ones, Ax; more seats to party i
comparatively to adding, to the a; ones, one more seat
to party £, if the condition dVi/(a; + Ax;) > dV) /(a, + 1)
occurs or, what is the same,

Vi Vi
> : (40)
a,+Ax;, a,+1
Din (40) poate fi obtinut plafonul pentru : From (40) can be obtained the upper limit for
valoarea Ax; A
v,
Ax; <V_(ak +1)—aq, (41)

k

De exemplu, dacd de considerat V; = a; (Q + 1), -
Vi = ar O s1 Q >> g; > 0, atunci, aproximativ, Ax; < -
a;/ay. Deoarece pot fi cazuri in care g; este de multe ori -
mai mare decat gy, poate fi si Ax; > 2; adicd partidele -
cu mai multe voturi acumulate pot obtine in exces,
conform metodei d’Hondt, mai mult de un mandat.
Bundoard, pentru exemplul 1, solutia conforma -
metodei ,,d’Hondt” coincide cu cea conformd metodei -
»sainte-Lagué”, In care primului partid 1i sunt alocate -
in exces mai mult de sase mandate.

in baza relatiilor (40) si (41), obtinerea solutiei :
optime conform indicelui ,,d’Hondt” (10) poate fi -
realizatd conform algoritmului Aj: '

150

For example, if considering V; =~ a; (Q + 1), V;, =
a; O si Q >> a; > 0, then, approximately, Ax; < a;/ay.
Because there may be cases when g; is more times
larger than gy, it can be Ax; > 2, too; i.e. parties with

- more votes cast can obtain in excess, according
- d’Hondt method, more than one seat. In example 1, the

solution according to d’Hondt method coincide with
the one conform to Sainte-Lagué method, in which to
the first party were allocated in excess more than six

- seats.

Basing on relations (40) and (41), obtaining the
optimal solution according to d’Hondt index (10) can
be realized conform to algorithm Aj:
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1. X, =
determind numarul mandatelor

distribuirea s-a incheiat si este proportionald.

2. Cate Ax; > 0 mandate, din cele AM, se aloca °
suplimentar primelor £ < AM partide cu valoarea mai °
mare a raportului Vi/(a; + Ax;). In acest scop poate fi -
aplicatda metoda d’Hondt, dar incepand cu u; = @; (nu *

cu u; = 0), i=1,n. Mai putine calcule necesiti

procedura folosita la pasii 2.1-2.8 ai algoritmului A, :
cu urmatoarele deosebiri: a) la pasul 2.1, partidele se -

ordoneaza 1n ordinea descresterii raportului Vy/(a; + 1);
b) la pasul 2.4, se

Ax, =[Vi(a, +)/V,—a, |, i=LE-1; ¢) la

pasul 2.7 se considera cele E siruri de rapoarte Vi/(a; + -

J)» J; =L, Ax, . Distribuirea s-a incheiat, fiind, totusi, -

neproportionalad. Totodatd, partidele in pierdere (m; <

v;) pierd, conform pasului 1 al algoritmului Aj;, mai .
putin de un mandat, iar partidelor cu exces de mandate .

(m; > v;) le pot reveni suplimentar mai mult decat 1
mandat (vezi, bundoara, exemplul 1).
6. Concluzii

Solutionarea problemei (16)-(18), la folosirea in :
calitate de criteriu de optimizare (16), alternat, a celor .
11 indici descrisi in p. 3, se realizeaza conform a trei .
algoritmi: a) A; — pentru indicii Rae (2), Loosemore- .
Handby (3), Rose (4), Grofman (5), Lijphart (6), :
Gallagher (7), Abaterii patratice (8) si Abaterii relative .
medii (11); b) A, — pentru indicii Sainte-Lagué (9) si .
Abaterii standard relative (12); ¢) Az — pentru indicele :
d’Hondt invers (10) sau, ceea ce este acelasi lucru, cel .
d’Hondt (38). Algoritmul A, reprezinta metoda ,,Celui .
mai mare rest cu cota Hare”, iar cei A, si Ay — .

si .

modificiri ale metodelor ,,Sainte-Lagué”
,»d’Hondt”, respectiv. Deosebirea algoritmilor A, si A;
de cei folositi 1n metodele ,Sainte-Lagué”

impartirea consecutiva a V; la divizorii 2u; + 1 (u; = 0,

1, 2, ...), ca in cazul metodei ,,Sainte-Lagué”, sau la .
divizorii 2u; + 1 (u; =0, 1, 2, ...), ca in cazul metodei .
,»d’Hondt”, iar solutia se obtine intr-un numar de pasi :

mult mai mic.

De mentionat cd, la primul pas, algoritmii A, :
A, s1 A; coincid, reprezentarea obtinuta fiind, in cazul |
cda; +a,+ ... +a, =M, proportionald. Deosebirea :
intre acesti trei algoritmi, la cel de al doilea pas, :
ramase |

consta in aceea cd cele AM mandate,
nedistribuite dupd primul pas, se aloca suplimentar:
cate un mandat fieciruia din primele AM < n — 1

partide cu valoarea mai mare a resturilor AV; — la |
algoritmul A,; cate Ax; > 0 mandate primelor £ < AM
< n — 1 partide cu valoarea mai mare a raportului ;
Vi[2(a; + Ax;) -1] — la algoritmul A, si — a raportului :
Vil(a; + Ax;) — la algoritmul Aj, reprezentarea obtinuta |

fiind, totusi, neproportionala. Totodata, pentru toti
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a =Tav] = v/l i=ln. se’
inca nedistribuite °
AM:=M - (a; + a; + ... + a,). Daca AM = 0, atunci -

aplica .

si .
»d’Hondt” constd in aceea cad primii nu necesitd .

I x = a = [av] = [Vl i=Ln.
Determining the number AM :=M —(a; +a, + ... + a,)
of still undistributed seats. If AM = 0, than the
- allocation of seats is finished and it is a proportional
one.

2. By Ax; > 0 seats, from the AM ones, are
additionally allocated to each of the first £ < AM
parties with the largest ratio Vi/(a; + Ax;). In this aim
- can be used the d’Hondt method, but beginning with u;

- = a; (not with u; = 0), i =1,n. Fewer calculations

needs the procedure used at steps 2.1-2.8 of algorithm
- A, with the following differences: a) at step 2.1, parties
are ordered in the decreasing order of ratio Vi/(a; + 1);
-b) at step 24, is applied

Ay, =[Via, +)/V,—a, ], i=LE-1; o) at

: step 2.7 are considered the E strings of ratios Vi/(a; +

-j), J; =1,Ax; . Distribution is finished, being,
however, non proportional. At the same time, the
losing parties (m; < v;) loses, conform to step 1 of
. algorithm Aj, fewer than one seat, and parties with
. seats in excess (m; > v;) can additionally incumbent
. more than one seat (see, example 1).

6. Conclusions

Solving the problem (16)-(18), wusing as
optimization criterion (16), alternatively, those 11
indices described in p. 3, is done according to three
algorithms: a) A, — for indices Rae (2), Loosemore-
Handby (3), Rose (4), Grofman (5), Lijphart (6),
Gallagher (7), Square deviation (8) and Mean relative
deviation (11); b) A, — for indices Sainte-Lagué (9) and
Relative standard deviation (12); ¢) A; — for inverse
d’Hondt (10) or, what is the same, the d’Hondt one
(38). Algorithm A; represents the largest remainder
method with the Hare quota, and A, and A; -
. modifications of Sainte-Lagué¢ and d’Hondt methods,
respectively. The difference of algorithms A, and A,
from the ones used in Sainte-Lagué¢ and d’Hondt
. methods consists in fact that the first doesn’t need the
consecutive dividing of V; to divisors 2u; + 1 (u; =0, 1,
2, ...), as in case of Sainte-Lagué method, or to
divisors 2u; + 1 (u; =0, 1, 2, ...), as in case of d’Hondt
- method, and the solution is obtained after a
considerably less number of steps.

To note that, at first step, algorithms A;, A, and
Aj; coincide, the obtained representation being, in case
ofaj + ay + ... + a, = M, proportional. The difference
among these three algorithms, at the second step,
c consists in the fact that the AM seat, remained
. undistributed after the first step, are allocated
supplementary: by one seat to each of the first AM <n -
1 parties with the largest value of remainders AV; - at
algorithm Aj; by Ax; > 0 seats to the first E < AM <n —
1 parties with the largest value of the ratio V/[2(a; +
Ax;) -1] — at algorithm A, and — of the ratio Vi/(a; + Ax;)
" — at algorithm A;, the obtained representation being,
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acesti trei algoritmi, partidele in pierdere (m; < v;)
pierd mai putin de un mandat, iar cele in castig (m; >
v;) pot obtine in exces: la algoritmul A, - mai putin de
un mandat, iar la algoritmii A, si Az — si mai mult de
un mandat.
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however, non proportional. At the same time, for all
these three algorithms, losing parties (m; < v;) lose less
than one seat, and gaining parties (m; > v;) can obtain in
excess: at algorithm A; — les than one seat, and at
algorithms A, and A;— more than one seat, too.
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