
Mathemati
al Model for Diamond-Type Crystalswith Impurities or Defe
tsD. Opri�s and I.D. Albu
Abstra
tThis work develops the geometry and dynami
s of diamond-type 
rystalswith impurities or defe
ts and symmetry from the perspe
tive of Lagrangianme
hani
s. We begin by formulating 
ontinuous-dis
ret network for diamond-type 
rystals, then we formulate the 
ontinuous-dis
ret Lagrange-d'Alembertprin
iple, Noether's theorem and momentum equation for diamond-type 
rystalswith impurities are given. Several detailed examples are given to illustrate thetheory.Mathemati
s Subje
t Classi�
ation: 70H35, 70D10, 70F25Key Words: diamond-type 
rystal, Lagrange-d'Alembert prin
iple, Noether theo-rem.1 Introdu
tionThe diamond-type 
rystals are among the most widely studied 
rystals in literatureand the usual theories supply results in good agreement with the experiments [5℄.These theories are formulated in terms of the invariants of some representations ofthe spa
e group O7h [2℄. In [6℄ the 
ase of 
rystals with impurities is studied and 
onsid-eration of a distribution of latti
e group, des
ribed by the nonintegrable distributionof latti
e bases. A broad overview of the paper is as follows. We begin by des
rib-ing 
ontinuous-dis
ret network diamond-type 
rystal, using some representations ofthe spa
e group O7h [2℄. The methodology from [1℄, is adapted for 
ontinuous-dis
retme
hani
s [3℄,[4℄, and 
ontinuous-dis
ret Lagrange-d'Alembert prin
iple for diamond-type 
rystals is given. The des
ription of the distorted 
rystal stru
ture 
an be realizedby 
onsidering a 
onstraint S. The equations of motions 
an be written in terms of theusual Euler-Lagrange operator. Following this, we add the hypothesis of symmetryand we develop evolution equation for the momentum that generalizes the usual 
on-servation laws asso
iated to a symmetry group. Several detailed examples are givento ilustrate the theory.Balkan Journal of Geometry and Its Appli
ations, Vol.3, No.1, 1998, pp. 73-88
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74 D.Opri�s and I.D.Albu2 Continuous-dis
ret network for diamond-type 
rys-talsLet Z be the ring of integers and let N be the set of all natural numbers. The metri
spa
e (D1; Æ), where(2:1) D1 = fn = (n0; n1; n2; n3) 2 Z4jn0 + n1 + n2 + n3 2 f0; 1ggand(2:2) Æ : D1 �D1 �! N ; Æ(n; n0) = 3Xi=0 jni � n0ijis a dis
ret parametri
 spa
e for the ,,in�nite" 
rystal having the stru
ture of diamond[2℄. The group of all isometries of the spa
e (D1; Æ) is isomorphi
 to the spa
e groupO7h [1℄. For ea
h n 2 D1 we 
onsider the neighbours order k of n, that is the elementsof the set(2:3) V(k)(n) = fn0 2 D1jÆ(n; n0) = kg:In parti
ular(2:4) V(1)(n) = fn� j � = 0; 1; 2; 3g;where(2:5) n� = n+ "(n)e� "(n) = (�1)n0+n1+n2+n3fe�g is the 
anoni
al basis of R4. By 
onsidering(n�)� = n�� = n+ "(n)e� + "(n�)e� ; �; � 2 f0; 1; 2; 3g ; � 6= �(2:6) n�� = n ; n�� 6= n�� ; � 6= � ;we obtain the se
ond neighbours of n(2:7) V(2)(n) = fn��j � 6= � �; � 2 f0; 1; 2; 3ggand the third neighbours of n(2:8) V(3)(n) = fn��
 j� 6= � 6= 
 �; �; 
 2 f0; 1; 2; 3ggLet N 2N , N > 3, be a �xed natural number and let ZN be the quotient spa
eZ=(NZ). We will obtain a parametri
 spa
e for the ,,�nite" 
rystal having the stru
-ture of diamond by using the set(2:9) D = fn = [n0; n1; n2; n3℄ 2 (ZN )4jn0 + n1 + n2 + n3 2 f0; 1ggIf [a; b℄ �R is an interval, then the set R = [a; b℄�D will be 
alled the 
ontinuous-type network for diamond-type 
rystals. Let q : R �! Rm ; (m � 1), be a C1-fun
tion(with respe
t to t 2 [a; b℄) and



Mathemati
al Model for Diamond-Type Crystal 75q(t; n) = (qi(t; n)) ; i = 1;m ; :q (t; n) = dq(t; n)dt ; (t; n) 2 Rq�(t; n) = q(t; n�)� q(t; n) ; n� 2 V(1)(n) ; q��(t; n) = q��(t; n��)� q(t; n) ;(2:10) n�� 2 V(2)(n):The spa
e of fun
tions(2:11) L2(R) = fq : R �! Rmj bZa Xn2D Æijqi(t; n)qj(t; n) <1gwith the 
anoni
al s
alar produ
t is a Hilbert spa
e. Let the spa
e(2:12) 
 = fq 2 L2(R)jq(a; n) = q1(n) ; q(b; n) = q2(n) ; 8n 2 D)g;with q1; q2 �xed. The tangent spa
e to 
 in q 2 
 is given by(2:13) Tq(
) = f� : R �! Rmj�(a; n) = 0 ; �(b; n) = 0 ; 8 2 Dg;where(2:14) �(t; n) = dq("; t; n)d" ����"=0and q("; t; n) 2 
 , q(0; t; n) = q(t; n) , " 2 I � R , 0 2 I . For a C1-fun
tionF : 
 �! R, the variation ÆF is(2:15) ÆF : Tq
 �! R ; ÆF (�) = dF (q("))d" ����"=0 :The element q 2 
 is 
alled a 
riti
al point for F if ÆF (�) = 0 ; 8� 2 Tq
.3 Continuous-dis
ret Lagrange-d'Alembertprin
iple for diamond-type 
rystalsConsider the sets(3:1) 
1 = fq�(t; n) ; q 2 
 ; � 2 f0; 1; 2; 3g ; (t; n) 2 Rg
2 = fq��(t; n) ; q 2 
 ; � 6= � �; � 2 f0; 1; 2; 3g ; (t; n) 2 Rg�
= f :q (t; n) ; q 2 
 ; (t; n) 2 Rgand the C1-fun
tion L : R�
�
1 �
2� �
�!R, given by(3:2) L(t; n) = L(t; n; q(t; n); q�(t; n); q��(t; n); :q (t; n)) ; (t; n) 2 R:The fun
tional



76 D.Opri�s and I.D.Albu(3:3) A(q) = bZa Xn2DL(t; n)dtis 
alled the a
tion of L with respe
t to q 2 
.Theorem 3.1 [4℄ (First variation formula). The variation ÆA(q) of the a
tionA(q) is(3:4) ÆA(q)(�) = bZa Xn2DEi(L)�i(t; n)dt ; � 2 Tq
;where(3:5) Ei(L) = dL(t; n)dqi(t; n) � ddt ( �L(t; n)� :qi(t; n) )(3:6) L(t; n) = L(t; n) + 3X�=0L(t; n�) + 3X�; � = 0� 6= � L(t; n��):From theorem 3.1 we dedu
eTheorem 3.2 (Dis
ret 
ontinuous variation prin
iple). An element q 2 
 is a
riti
al point for A(q) if and only if(3:7) dL(t; n)dqi(t; n) � ddt  �L(t; n)� :qi(t; n)! = 0 ; 8(t; n) 2 R ; i = 1;m:Example. The Lagrange fun
tion of the atoms of the 
rystal with respe
t to theirequilibrum positions is given by [2℄,[5℄(3:8) L(t; n) = 12mÆij :qi(t; n) :qj(t; n)� 12 3X�=0�ij�qi�(t; n)qj�(t; n)�� 12 3X�; � = 0� 6= � �ij��qi��(t; n)qj��(t; n) ; (t; n) 2 R ; i; j = 1; 2; 3;where �ij� = �ji� = 
onst ; �ij�� = �ji�� = 
onst:From (3.7) we obtain(3:9) mÆij d2qi(t; n)dt2 = 3X�=0�ij�qj�(t; n) + 3X�; � = 0� 6= � �ij��qj��(t; n) ; 8(t; n) 2 R:The system of equations (3.9) 
orresponds to the system of equations used in latti
edynami
s of diamond-type 
rystals (the model of Born-von Karman).



Mathemati
al Model for Diamond-Type Crystal 77For the study of the dynami
s in 
rystals it is useful to introdu
e some so-
alledmotions of order � and ��. Let fa : R � 
 � 
1 � 
2� :
�!R, a = 1; p, be aC1-fun
tion with respe
t to t 2 [a; b℄ , q 2 
 , q� 2 
1 , q�� 2 
2 , :q2 �
. We put(3:10) fa(t; n) = fa(t; n; q(t; n); q�(t; n); q��(t; n); :qi (t; n)) ; (t; n) 2 Rand suppose that(3:11) rang



 �fa(t; n)�q�i(t; n)



 = p < m ; � = 0; 1; 2; 3;(3:12) rang



 �fa(t; n)�q��i(t; n)



 = p < m ; �; � = 0; 1; 2; 3 ; � 6= �;(3:13) rang




�fa(t; n)� :qi(t; n) 




 = p < m:Let us 
onsider the set(3:14)S = f(q(t; n); q�(t; n); q��(t; n); :q (t; n)) 2 
�
1 �
2� :
 jfa(t; n) = 0 ; a = 1; pgFor a generi
 element q 2 
, for S, let � 2 Tq
 be the tangent ve
tor to 
 satisfyingthe 
onditions(3:15) �fa(t; n)�q�i(t; n)�i(t; n) = 0 ; a = 1; p ; � 2 f0; 1; 2; 3g; �xed:� is 
alled the virtual variation of the order � for the system (
; L;S), where L isgiven by (3.2) and S is given by (3.14).The Lagrange-d'Alembert prin
iple of order � is the following: an admissibleelement q 2 
 is 
alled a motion of the order � for the system (
; L;S) if[E℄i(L)�i(t; n) = 0 ; 8(t; n) 2 R, for all virtual variations of the order �.Proposition 3.3. The motion of the order � is given by(3:16) Ei(L)(t; n) = ��a �fa(t; n)�qi�(t; n) i = 1;m;fa(t; n) = 0 ; a = 1; p ; � �xed ; (t; n) 2 R:The elements � 2 Tq
 satisfying the 
onditions(3:17) �fa(t; n)�q��i(t; n)�i(t; n) = 0 ; a = 1; p ; � 6= � ; �xedare 
alled the virtual variations of the order �� for the system (
; L;S).The Lagrange-d'Alembert prin
iple of order �� is the following: an admissi-ble element q 2 
 is 
alled a motion of the order �� for the system (
; L;S) if[E℄i(L)�i(t; n) = 0 ; 8(t; n) 2 R, for all virtual variations of the order ��.



78 D.Opri�s and I.D.AlbuProposition 3.4. The motion of the order �� is given by(3:18) Ei(L)(t; n) = ���a �fa(t; n)�qi��(t; n) ; i = 1;m;fa(t; n) = 0 ; a = 1; p ; �; � �xed ; (t; n) 2 R:The elements � 2 Tq
 satisfying the 
onditions(3:19) �fa(t; n)� :qi(t; n) �i(t; n) = 0 ; a = 1; p;are 
alled the virtual variations for (
; L;S).The Lagrange-d'Alembert prin
iple is: an admissible element q 2 
 is 
alled amotion for the system (
; L;S) if [E℄i(L)�i(t; n) = 0 ; 8(t; n) 2 R, for all virtualvariations.Proposition 3.5 [3℄. The motion is given by(3:20) Ei(L(t; n) = �a �fa(t; n)� :qi(t; n) ) ; i = 1;m;fa(t; n) = 0 ; a = 1; p ; (t; n) 2 R:4 Constraint distribution on the spa
e
� 
1 � 
2� �
The des
ription of the distorted 
rystal stru
ture 
an be realised by 
onsidering a
onstraint S given by (3.14). If we 
hoose the aÆne 
onstraints of the form(4:1) fa(t; n) = qa�(t; n) +Aa�r qr�(t; n)� 
a�(t; n);where(4:2) Aa�r (t; n) = Aa�r (q(t; n)) ; 
a�(t; n) = 
a�(q(t; n));a = 1; p ; r = p+ 1;m ; � 2 f0; 1; 2; 3g, �xed, then from the Lagrange-d'Alembertprin
iple of order � we get.Proposition 4.1. The motion of the order � is given by(4:3) Er(L) = Aa�r (t; n)Ea(L) a = 1; p ; r = p+ 1;m;qa�(t; n) +Aa�r (t; n)qr�(t; n)� 
a�(t; n) = 0 ; (t; n) 2 R:Now we de�ne the 
onstrained Lagrangian of order �, L
, by substituting the
onstraints (4.2) into the Lagrangian (3.2).LC(t; n) = L(t; n; q(t; n); �Aa�r (t; n)qr�(t; n) + 
a�(t; n); qr�(t; n);(4:4) q�(t; n); q
�(t; n); :q (t; n))



Mathemati
al Model for Diamond-Type Crystal 79Theorem 4.2. The equations of the motion of order � are(4:5) Er(LC) � Aa�r (t; n)E�a (LC) = [Aa�r (t; n�)�Aa�r (t; n)℄ �L(t; n�)�qa�(t; n)++ Ba�rs (t; n)qs�(t; n) �L(t; n)�qa�(t; n) + 
a�r (t; n) �L(t; n)�qa�(t; n)qa�(t; n) +Aa�r (t; n)qr�(t; n)� 
a�(t; n) = 0 ; a = 1; p ; r; s = p+ 1;m;where(4:6) Ba�rs (t; n) = Ab�r (t; n)�Aa�s (t; n)�qb(t; n) � �Aa�s (t; n)�qr(t; n) ;(4:7) 
a�r (t; n) = �
a�(t; n)�qr(t; n) �Ab�r (t; n)�
a�(t; n)�qb(t; n) ;
(4:8) E�a (LC) = �LC(t; n)�qa(t; n) � 3X� = 0� 6= � �(LC(t; n) + LC(t; n�))�qa�(t; n) �� 3P�; 
 = 0� 6= 
 �(LC(t; n) + LC(t; n��))�qa�
(t; n) � ddt  �LC(t; n)� :qa(t; n) ! :Let the aÆne 
onstraints of the form(4:9) fa(t; n) = qa��(t; n) +Aa��r (t; n)qr��(t; n)� 
a��(t; n);where(4:10) Aa��r (t; n) = Aa��r (q(t; u)) ; 
a��(t; n) = 
a��(q(t; n))a = 1; p ; r = p+ 1;m ; �; � 2 f0; 1; 2; 3g ; � 6= � �xedFrom the Lagrange-d'Alembert prin
iple of order �� we obtainProposition 4.3. The motion of the order �� is given by(4:11) Er(L) = Aa��r (t; n)Ea(L) a = 1; p ; r = p+ 1;m;(4:12) qa��(t; n) +Aa��r (t; n)qr��(t; n)� 
a��(t; n) = 0 ; (t; n) 2 R:De�ne the 
onstrained Lagrangian of order �� ; LC , by substituting the 
on-straints (4.12) into the Lagrangian (3.2):(4:13) LC(t; n) = L(t; n; q(t; n); q
(t; n);�Aa��r (t; n)qr��(t; n)++ 
a��(t; n); qr��(t; n); q
Æ(t; n); :q (t; n)):Theorem 4.4. The equations of the motion of order �� are



80 D.Opri�s and I.D.AlbuEr(LC)�Aa��r (t; n)E��a (LC) = �Aa��r (t; n��)�Aa��r (t; n)� �L(t; n��)�qa��(t; n)+(4:13)0 +Ba��rs (t; n)qs��(t; n) �L(t; n)�qa��(t; n) + 
a��r (t; n) �L(t; n)�qa��(t; n) ;qa��(t; n) +Aa��r (t; n)qr��(t; n)� 
a��r (t; n) = 0 ; a = 1; p ; r; s = p+ 1;m;where(4:14) Ba��rs (t; n) = Aa��r (t; n)�Aa��s (t; n)�qb(t; n) � �Aa��s (t; n)�qr(t; n) ;(4:15) 
a��r (t; n) = �
a��(t; n)�qr(t; n) �Ab��r (t; n)��a��(t; n)�qb(t; n) ;
(4:16) E��a (LC) = �LC(t; n)�qa(t; n) � 3X
=0 �(LC(t; n) + LC(t; n
))�qa
(t; n) �� 3P
; Æ = 0
 6= Æ; 
 6= �; � �(LC(t; n) + LC(t; n
Æ))�qa
Æ(t; n) � ddt  �LC(t; n)� :qa(t; n) ! :Finally let us 
onsider aÆne 
onstraints of the form(4:17) fa(t; n) = :qa(t; n) +Aar (t; n) :qr(t; n)� 
a(t; n) a = 1; p ; r = p+ 1;m;where(4:18) Aar (t; n) = Aar(q(t; n)) ; 
a(t; n) = 
a(q(t; n)):From the Lagrange-d'Alembert prin
iple we obtainPropositin 4.5. The motion is given by(4:19) Er(L) = Aar (t; n)Ea(L);(4:20) :qa(t; n) +Aar (t; n) :qr(t; n)� 
a(t; n) = 0 ; a = 1; p ; r = r + 1;m:Let now the 
onstrained Lagrangian LC obtained by substituting the 
onstraints(4.20) in the Lagrangian(4:21) L(t; n) = L(n; q(t; n); q�(t; n); q��(t; n); :q (t; n));that is(4:22)LC(t; n) = L(n; q(t; n); q�(t; n); q��(t; n);�Aar(t; n) :qr(t; n) + 
a(t; n); :qr(t; n)):



Mathemati
al Model for Diamond-Type Crystal 81Theorem 4.6. The equations of the motion are(4:23) Er(LC)�Aar(t; n)dLC(t; n)dqs(t; n) = Bars(t; n) �L(t; n)� :qa(t; n) :qs(t; n) + �L(t; n)� :qa(t; n)
ar (t; n);:qa(t; n) +Aar(t; n) :qr(t; n)� 
a(t; n) = 0 ; a = 1; p ; r; s = p+ 1;m;where(4:24) Bars(t; n) = �Aar(t; n)�qr(t; n) � �Aas(t; n)�qr(t; n) + Abr(t; n)�Aas(t; n)�qb(t; n) �Abs �Aar(t; n)�qb(t; n) ;(4:25) 
ar (t; n) = �
a(t; n)�qr(t; n) �Abr(t; n)�
a(t; n)�qb(t; n) + 
b(t; n)�Aar(t; n)�qb(t; n) :Examples. 1) Let the LagrangianL(t; n) = 12Æij :qi(t; n) :qj(t; n)� 14 3X�=0 Æijqi�(t; n)qj�(t; n)�(4:26) �14 3X�; � = 0� 6= � Æijqi��(t; n)qj��(t; n)and the 
onstraints q30(t; n)� q2(t; n)q10(t; n) = 0.We haveLC(t; n) = 12Æij :qi(t; n) :qj(t; n)� 14(1 + q2(t; n)2)q10(t; n)2 � 14q20(t; n)2��14 3X�=1 Æijqi�(t; n)qj�(t; n)� 14 3X�; � = 0� 6= � Æijqi��(t; n)qj��(t; n)and the equations of the motion of order ,,0" are given by�q1(t; n) + q2(t; n)�q3(t; n) = �1 + 12q2(t; n)2 + 12q2(t; n0)2� q10(t; n)++ 3X�=1(q1�(t; n) + q2(t; n)q3�(t; n)) + 3X�; � = 0� 6= � (q1��(t; n) + q2(t; n)q3��(t; n));�q2(t; n) = 3X�=0 q2�(t; n) + 3X�; � = 0� 6= � q2��(t; n)� 12q2(t; n)q10(t; n)2;q30(t; n) = q2(t; n)q10(t; n) :2) Let the Lagrangian given by (4.26) and the 
onstraint



82 D.Opri�s and I.D.Albuq312(t; n)� q2(t; n)q112(t; n) = 0:We have LC(t; n) = 12Æij :qi(t; n) :qj(t; n)� 14 3X�=0 Æijqi�(t; n)qj�(t; n)��14(1 + q2(t; n)2)q112(t; n)2 � 14q212(t; n)2 � 3X�; � = 0� 6= �; � 6= 1; � 6= 2Æijqi��(t; n)qj��(t; n)and the equations of the motions of order ,,12" are the followings�q1(t; n) + q2(t; n)�q3(t; n) = (1 + 12q2(t; n)2 + 12q2(t; n12)2)q112(t; n)++ 3X�=0(q1�(t; n) + q2(t; n)q3�(t; n)) + 3X�;� = 0� 6= �; � 6= 1; � 6= 2(q1��(t; n) + q2(t; n)q3��(t; n));�q2(t; n) = 3X�=0 q2�(t; n) + 3X�;� = 0� 6= �; � 6= 1; � 6= 2q2��(t; n)� 12q2(t; n)q112(t; n)2;q312(t; n) = q2(t; n)q112(t; n):Consider the Lagrangian (4.26) and the 
onstraint:q3(t; n)� q2(t; n) :q1(t; n) = 0:We haveLC(t; n) = 12(1 + q2(t; n)2) :q1(t; n)2 + 12 :q2(t; n)2 � 14 3X�=0 Æijqi�(t; n)qj�(t; n)��14 3X� ; � = 0� 6= � Æijqi��(t; n)qj��(t; n)and the equations of the motiom are given by(1 + q2(t; n))�q1(t; n) + :q2(t; n)�q3(t; n) = �2q2(t; n) :q1(t; n) :q2(t; n)�� 3X�=0(q1�(t; n) + q2(t; n)q3�(t; n))� 3X� ; � = 0� 6= � (q1��(t; n) + q2(t; n)q3��(t; n))�q2(t; n) = q2(t; n) :q1(t; n)2 + 3X�=0 q2�(t; n) + 3X� ; � = 0� 6= � q2��(t; n) :



Mathemati
al Model for Diamond-Type Crystal 835 Noether's Theorem for diamond-type
rystalsLet G be a Lie group a
ting (at the left) on 
 by (g; q) 2 G � 
 �! gq = q ,(gq)(t; n) = q(t; n; g). Let G be the Lie algebra of G and G� the linear dual af G. Toea
h ve
tor � 2 G 
orresponds an one-parameter subgroup of G, exp("�) , " 2 I � R,whose a
tion on 
 determines(5:1) �
(t; n) = dd" [exp("�)q(t; n)℄"=0 ; 8(t; n) 2 R:From (5.1), we obtain(5:2) �i
(t; n) = Kia(t; n)�a ; i = 1;m ; a = 1; r ; r = dimG;where(5:3) � = �aea 2 G ; Kia = dqi(t; n; exp("ea))d" ����"=0 :Let qp be the 
anoni
al prolongation of the a
tion of G on 
�
1 �
2� �
. The Liegroup G is 
alled a symmetry group of the system (
; L), where L is autonomous int, if(5:4) L Æ qp(t; n; g) = L(t; n) ; 8(t; n) 2 R ; 8g 2 G:The 
orresponding �-momentum map is the fun
tion J� : 
�Tq
1 �! G�, given by(5:5) J�(t; n) = �L(t; n)�qi�(t; n)Kia(t; n�)ea ; � 2 f0; 1; 2; 3g ; �xed:The 
orresponding ��-momentum map is the fun
tion J�� : 
� Tq
2 �! G�,(5:6) J��(t; n) = �L(t; n)�qi��(t; n)Kia(t; n��)ea ; �; � 2 f0; 1; 2; 3g ; � 6= � ; �xed:The 
orresponding 
ontinuous momentum map is J : 
� Tq �
�! G�,(5:7) J (t; n) = �L(t; n)� :qi(t; n)Kia(t; n)ea:Theorem 5.1. (Noether's Theorem for diamond-type 
rystals). For ea
h so-lution of the Euler-Lagrange equations (3.7),(5:8) 3X�=0J �� (t; n) + 3X� ; � = 0� 6= � J ���� (t; n) + dJ (t; n)dt = 0;where



84 D.Opri�s and I.D.AlbuJ �� (t; n) = J�(t; n�)�J�(t; n) ;J ���� (t; n) = J��(t; n��)�J��(t; n):Suppose that the Lagrangian L does not depends on qj , j �xed. Lo
ally the system(
,L) admits a symmetry group Gj . The a
tion on 
 is given by(5:9) qi(t; n) = qi(t; n) ; qj(t; n) = qj(t; n) + �j ; i 6= j; �j 2 R:We have Kji (t; n) = Æij and from (5.6) we obtain(5:10) 3X�=0 �(L(t; n) + L(t; n�))�qj�(t; n) + 3X� ; � = 0� 6= ��(L(t; n) + L(t; n��))�qj��(t; n) � ddt  �L(t; n)� :qj(t; n)! = 0:The 
oordinate qi is 
alled a 
y
li
 
oordinate.6 Momentum equation for diamond-type
rystals with impuritiesIn this se
tions we shall use the Lagrange-d'Alembert prin
iple to derive an equationfor a generalized momentum as a 
onsequen
e of the symmetries. We assume that thea
tion of G on 
 is free and proper. The orbit through a point q 2 
 is denoted byOrb(q) = fgqjg 2 Gg. Let S � 
 � 
1 � 
2� �
 and TqS the virtual variation. IfSq = TqS \Tq(orb(qp)) 6= f0g, where qp is the 
anoni
al prolongation of the a
tion ofG on 
� 
1 �
2� �
 then let G(q) = f� 2 Gj�
(q) 2 Sqg.The �-nonholomi
 momentum map J� is de�ned by(6:1) J�(t; n) = �L(t; n)�qi�(t; n)�i(t; n�); (t; n) 2 R;where�i(t; n�) = Kia(t; n�)�a(t; n�) ; �(t; n�) = �(q(t; n�)); � 2 f0; 1; 2; 3g ; � �xed:The ��-nonholonomi
 momentum map J�� is de�ned by(6:2) J��(t; n) = �L(t; n)�qi��(t; n)�i(t; n��) ; (t; n) 2 R;where �i(t; n��) = Kia(t; n��)�a(t; n��); � ; � 2 f0; 1; 2; 3g ; � 6= � ; �xed:The 
ontinuous nonholonomi
 momentum map J is de�ned by(6:3) J (t; n) = �L(t; n)� :qi(t; n) �i(t; n) ; (t; n) 2 R;where
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al Model for Diamond-Type Crystal 85�i(t; n) = Kia(t; n)�a(t; n):Theorem 6.1. Assume that the Lagrangian L is invariant under the group a
tionand �(q) 2 G(q). Then any solution of the Lagrange-d'Alembert equation for a Ssatis�es the following momentum equation3X�=0J �� (t; n) + 3X�;�=0J ���� (t; n) + dJ (t; n)dt = 3X�=0 �L(t; n)�qi�(t; n)Kia(t; n)�a�(t; n)+(6:4) + 3X�; � = 0� 6= � �L(t; n)�qi��(t; n)Kia(t; n)�a��(t; n) + �L(t; n)� :q(t; n)Kia(t; n)d�a(t; n)dt :At a �xed point q0 2 
, we 
onsider a basis fe1; : : : ep; ep+1; : : : erg of G su
h thatthe �rst p elements form a basis of G(q0). Thus r = dimG ; p = dimG(q0), whi
h, by as-sumption, is lo
ally 
onstant. We 
an introdu
e a similar basis fe1(q); : : : ep(q); ep+1(q); : : : ; er(q)gfor q 2 
. Let a 
hange of basis matrix(6:5) eu(q(t; n)) = eu(t; n) = 	vu(q(t; n))ev(q0(t; n)) = 	vu(t; n)ev ; u; v = 1; r:Here the matrix (	ba) is an r � r invertible matrix. By the de�nitions (5.5), (5.6),(5.7) we 
an writeJ�a(t; n) = �L(t; n)�qi�(t; n) [ea(t; n�)℄i
;(6:6) J��a(t; n) = �L(t; n)�qi��(t; n) [ea(t; n��)℄i
;Ja(t; n) = �L(t; n)� :qi(t; n) [ea(t; n)℄i
 ; a = 1; p ; (t; n) 2 R;where[ea(t; n�)℄i
 = Kia(t; n�); [ea(t; n��)℄i
 = Kia(t; n��) ; [ea(t; n)℄i
 = Kia(t; n):Theorem 6.2. The momentum equation in a moving basis fen(t; n)gu=1;r is givenby 3X�=0J ��a(t; n) + 3X�; � = 0� 6= �J ����a + dJa(t; n)dt = 3X�=0�ba(t; n; n�)J�b(t; n)++ 3X�; � = 0� 6= ��ba(t; n; n�)J��b(t; n)+�ba(t; n)Jb(t; n)+ 3X�=0 �L(t; n)�qi�(t; n)�sb(t; n; n�)[es(t; n�)℄i
++ 3X�; � = 0� 6= � �L(t; n)�qi��(t; n)�sb(t; n; n��)[es(t; n��)℄i
+



86 D.Opri�s and I.D.Albu(6:7) + �L(t; n)� :qi(t; n)�sbj(t; n) :qj(t; n)[es(t; n)℄i
 a = 1; p s = p+ 1; r;where(6:8) �va(t; n; n�) = 	�ua (t; n)�	vu(t; n�);�va(t; n; n�) = 	��ua (t; n)�	vu(t; n��);�vaj(t; n) = �	ua(t; n)�qj(t; n) �	vu(t; n) ; a = 1; p ; v = 1; r:Examples. 1) Let the Lagrangian(6:9) L(t; n) = 12Æij :qi(t; n) :qj(t; n)� 14 3X�=0 Æijqi�(t; n)qj�(t; n)�� 14 3X�; � = 0� 6= � Æijqi��(t; n)qj��(t; n)and the 
onstraint(6:10) q30(t; n)� q2(t; n)q10(t; n) = 0:The 
onstraint and the Lagrangian are invariants under the R2-a
tion on R3 givenby (q1; q2; q3) �! (q1 + �; q2; q3 + �):The tangent spa
es to the orbits of this a
tion are given byTq(t;n)(Orb(q(t; n))) = spanf(1; 0; 0); (0; 0; 1)gand the virtual ve
tors of the 
onstraints are given bySq(t;n) = spanf(1; 0; q2(t; n)); (0; 1; 0)g:It follows Tq(t;n)(Orb(q(t; n))) \ Sq(t;n) = spanf1; 0; q2(t; n)gand �q(t;n)
 = (1; 0; q2(t; n)) ; �q(t;n) = (1; q2(t; n)):The nonholonomi
 momentum maps in this 
ase areJ�(t; n) = � 12q1�(t; n)� 12q3�(t; n)q2(t; n�);J��(t; n) = � 12q1��(t; n)� 12q3��(t; n)q2(t; n��);J (t; n) = :q1(t; n) + :q3(t; n)q2(t; n):The momentum equation is given by



Mathemati
al Model for Diamond-Type Crystal 873X�=0 q1�(t; n) + 3X�; � = 0� 6= � (q1��(t; n) + q3��(t; n)q2(t; n��)) + 3X�=1 q3�(t; n)q2(t; n�)++q2(t; n)q2(t; n0)q10(t; n) + �q1(t; n) + �q3(t; n)q2(t; n) = 0:2) Let the Lagrangian (6.9) and the 
onstraintq312(t; n)� q2(t; n)q112(t; n) = 0:The momentum equation is given by3X�=0 q1�(t; n) + 3X�;� = 0� 6= �; � 6= 1; � 6= 2q1��(t; n) + 3X�=0 q3�(t; n)q2(t; n�) + 3X�; � = 0� 6= �; � 6= 1; � 6= 2q3��(t; n)q2(t; n��)++(1 + q2(t; n)q2(t; n12))q112(t; n) + �q1(t; n) + �q3(t; n)q2(t; n) = 0:3) Let the Lagrangian (6.9) and the 
onstraint:q3(t; n)� q2(t; n) :q1(t; n) = 0:The momentum equation is given by3X�=0(q1�(t; n) + q3�(t; n)q2(t; n�)) + 3X�; � = 0� 6= � (q1��(t; n) + q3��(t; n)q2(t; n��))++(1 + q2(t; n)2)�q1(t; n) + q2(t; n) :q2(t; n) :q1(t; n) = 0:4) For the same Lagrangian and the 
onstraints:q3(t; n)� q2(t; n) :q1(t; n) = 0,q30(t; n)� q2(t; n)q10(t; n) = 0,q312(t; n)� q2(t; n)q312(t; n) = 0,the momentum equation is(1 + q2(t; n)2)�q1(t; n) + q2(t; n) :q1(t; n) :q2(t; n) + (1 + q2(t; n0)2)q2(t; n)q10(t; n)++(1+q2(t; n12))q112(t; n)+ 3X�=0(q1�(t; n)+q3�q2(t; n�))+ 3X�; � = 0� 6= �; � 6= 1; � 6= 2(q1��+q3��q2(t; n��))=0:A
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