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1 Introduction

Dynamical systems with symmetry play an important role in mathematical modelling
for several processes in physics, mechanics, economy etc. In the last time the varia-
tional description of systems with symmetries seems to be more interesting ([4], [3],
[2] etc). In [2], [3], the theory is developed for Lagrangian systems on Lie groups.
A symmetry of the Lagrangian with respect to a group action leads to a reduced
Lagrangian system which is described by the so called Euler-Poincaré equations.

Independently by all appearances, [5] and [1] propose a discrete analogues of Euler-
Poincaré reduction theory for systems on Lie groups. Our study is maked knowing
only the first paper, [5].

We propose a variational approach for a discrete Lagrangian system whose con-
figuration space is a semidirect product or a principal bundle. By following the con-
struction in [5] we consider a discrete Lagrangian L : S x S — R, where S=GQV
is a semidirect product and we write the discrete Euler-Lagrange equations. If L is
left G-invariant, then we define a reduced discrete Lagrangianl : S x V — R and we
deduced the discrete Euler-Poincré equations. In Section 3 a reduction-reconstruction
theorem about the algorithms satisfying these discrete equations is formulated. A
discrete Euler-Poincaré-Poisson algorithm is discussed in Section 4. In Section 5 a
discrete variant of the Kelvin-Noether Theorem is established. The last Section is
an attempt in to approach the discrete variational description for a G-invariant La-
grangian on a principal bundle and to obtain dicrete Euler-Poincaré equations and
discrete Euler-Poincaré algorithms.
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2 Generalities on semidirect products

Let V' be a finite dimensional vector space and assume that a finite dimensional Lie
group G acts on the left by linear maps on V' and also on its dual space V*. The action
of g € G on v €V is denoted by simple concatenation gv. The semidirect product
S = GV is the Cartezian product G x V endowed with the group multiplication
given by
(1) (91,v1)(92,v2) = (9192, v1 + g1v2).

If e € G is the identity and o € V' is the null vector of V', then (e,0) € G x V is
the identity element of S. The inverse of the element (g, v) is

(2) (g.v) " =(g7", g7 0).

The Lie algebra of S is the semidirect product Lie algebra S = G OV, whose
bracket is given by

(3) [(§15v1), (§2,02)] = ([€1, &2], §1va — &ovn),

where the induced action of G on V is also denoted by concatenation. As well the
action of S on § is given by

(4) (g, v)(& u) = (g€, gu — (9§)v),
where (g,v) € S, (§,u) € S and the action of S on §* = G* (O V* is given by

(5) (9,v) (1, a) = (gu + py(ga), ga),

where (u,a) € §*, p& : V* — G* is the dual of the linear map p, : § — V,
pu(§) = &v. In (4) and (5) we denote g§¢ = Ad,¢§, gu = Adj-.p (the adjoint and
coadjoint actions).

Fora € V* and v € V we shall denote p} = v<{a € G* and the formula (5) becomes

(6) (9,v) (1, a) = (g +v<(ga), ga).

Using the concatenation notations for Lie algebra actions on G* and V*, £u,&a,
where £ € G, a € V*, we obtain an alternative definition of v&a € G*: for v € V),
a€V* £€Gr <&a,v>=—<vd,af >.

Sometimes it is convenient to use the right representations of G on V' which changes
unessentially the formulas (we note the adjoint and coadjoint actions are left actions).

3 The discrete Euler-Poincaré algorithm

Let L : S x S — R be a discrete Lagrangianon S =GV and let A: SNt — R
be the associated action,

[u

(7) A= L(gk, vk, Ght1, Vit1),
=0

=

where (gg,vi) € S, k=0,1,..., N with (g0, vo), (95, vn) fixed.
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The discrete Euler-Lagrange equations (DEL) are given by

D3 L(gk—1,vk—1, 9k, Vk) + D1L(gk, vk, gk+1,vk41) = 0,
(8) Dy L(gr—1,0k—1, 9k, V) + D2 L(gk, vk, Gh41, Vp41) = 0,
where D;L, i =1,2,3,4, is the matrix containing the partial derivatives with respect

to the ¢—th variable.
Consider the quotient map 7 : S x § —5%% /g = § x V given by

9) 7((ks V), (Gh1, Vrg1) = (glzi1gk: gkjlvk , g;ilkarl)-

Using the notations fry1r = gkjilgk, up = g,;lvk it results g,;jlvk = fr+ikur and
is given by
(10) T((9k Vk)s (Ght15 Vhg1) = (Frriks Frtihs Uk, Upt1)-

Assume that the discrete Lagrangian L : S x S — R is left G—invariant. The
projection (10) defines the reduced discrete Lagrangian{: S xV — Rbylon = L.
Consequently

—1 —1 —1
L(gkavkagk+1avk+1) = L(ngrlgk:ngrlvka 6,gk+1’l}k+1) =

(11) = L(frt1k, fror1ntr, € Ukt1) = I(Fot1k, frt1bUk, Ukg1)-

The action associated to the reduced discrete Lagrangianlisa : (SxV)VN*! — R,

N-—-1

(12) a =" 1(fer1kr Frsinti, urs1).

k=0

The DEL equations for reduced discrete Lagrangian [ are called the discrete Euler-

Poincaré equations (DEP).
Theorem 3.1. Let L be a left G—invariant discrete Lagrangian on S x S and
let 1 be the reduced discrete Lagrangian associated to L. For a finite sequence
{(gk>v1)s (Ght1,0k41)}, & = 0,1,...,N =1, in S x S, with (go,v0), (gn,vN) fized
we define a corresponding sequence fri1 = gk_ilkgk in G and a sequence uy = gk_lvk
in V. The following statements are equivalent:

1. The sequence {(gk,vr), (gk+1,Vk+1)}, k= 0,...,N — 1, is an extremum for the
action A for arbitrary variations dgi,0vy, k=1,2,..., N — 1.

2. The sequence {(gr,vr), (gk+1,Vk+1)}, k& =0,..., N — 1, satisfies the DEL(8).

3. The sequence {fr+1k, fe+1kUk,Uk+1}, kK = 0,...,N — 1, is an extremum for
the reduced action a with respect to variations 0 fri1x,0ur induced by the variations
6gk7 61}’6 .

4. The sequence {fr+1k, frt1kUk, Ukt1}, K =0,...,N — 1, satisfies the DEP:

Dil(frvir, frviwur, urp1)Adp,  Te Ry, — Dil(frr—1, frr—1ur—1, ug)

TeRpy, = Ad}, | (Fer1bur O Dol (frt 1k frriktr, uks1)) — fre—1ugp—1
ODol(frk—1, frr—1Ur—1,Uk), frprk D2l (fetiks Fr1ntin, Upg1)+
(13) Dsl( frk—1, frr—1up—1,ur) = 0.
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Proof. Let (gi,vx) : € € (—a,a) — (gr(e),vk(e)) € S, k = 0,...,N, a family of
curves on S such that g (0) = g, vr(0) = vg. For this family the action of L is

N-1

Ale) = L(gr(e),vk(€), gry1(g), vet1(g)).

kol

By considering the variations of gy, vy,

Sgi = dgi (€) v dvg (¢)

de

e=0 e=0

and using the discrete analogue of integration by parts it results

dA(e) e
0A= — = > [DiL(gk, Vk> Gkt1, Uk 1) + DsL(gr—1, vk—1, gk, v)] Ogk
=0 k=1
N-1
+ D [D2L(gr, vk, Gr+1,Vk+1) + DaL(ge—1,Vk—1, gk, Vk)] Svk-
k=1

Since the variations dgy, dvy are arbitrary it follows 6.4 = 0 if and only if the
DEL(S) holds.

Now consider the family of curves fry1x(e) = g,;il(s)gk (e),ur(e) = g;, " (e)vr(e),
with fr4+1£(0) = fra1k,ur(0) = ug. Using the concatenation notation it results

dfryir(e)

de = 6919_4{1916 + gk_iﬂsgk = _gk__:,h(sngrlgk__:,hgk'f‘

e=0

O fret1r =

gk_ilfsgk = —(gk_+1159k+1)fk+1k + fk+1k(g;i15gk)f[ﬁ1kfk+1k =

_TeRfk+1k (g]c_+1169k+1) + Adfk+1kTeRfk+1k (gk_l(sgk);

duy (e _ _ _ _ _
(14)  dup = 55( ) LT Yogrgy, "ok + g5, v = — (g5 "Sgr)uk + g5, Sgu;
d e)uy (e _
O(frripur) = W = — (931 09k+1) (fr+1kur)+
e=0

[frrr (g 09k) Fiilin] (Freinue) + Frare0ue = —(950 1 0gk+1) (Fotrrun)+
Ady, 1 (95 698) (Fegirtr) + frrirOu

FromL:lonitresultsaOW:Aandda—(g) :% , where
de e=0 de e=0
N-1
a(e) = U frt1k(8), frrik()ur(e), upt1(€))-
k=0
It follows
N-1
da(e
da = d(s ) = (D1l frviks frairtn, urg1)d feyin+
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+Dol(frr1k, frr1ntir, Wet1)O(feripte) + D3l(frtik, frt1ktn, Uks1)0Upt1].
Using the discrete analogue of integration by parts we obtain

N-1

da = 2 [D1l(frs1ks ferrntin, wh1)Ad g, Te Ry, (95 09k) —
k=0

U (frtirs Fratetr, Uha ) Te Ry (94109k41) + Ferrpur
Dol(frtks Ferinth, et1) (G109 41) — Frr1ktnODal(fryir, frontin, i)

(15) (Ady,, 1095 "69k) + fres1k Dol (fosins Fraintin, Wri1)Oup+
N—
Dsl(frtiks frt1btr, pt1)0upia] = 2 Dil(friks frr1ktin, ukt1)Adg o,

TeRfy iy, — Dil(frn—1, frorw—run—1,ue)Te Ry + frr—1up—1<

Dol(frk—1, frk—1uk—1,ur) — Adg o, (Frr1kue O Dol (frrar, frrintie, wrt1))]

N-1
(9 "00k) + D [Fer1uDal(Futrh Ferrntin whr) + Dal(frr—1, Frr—1ttn—1,u)]0u.
k=1

Because the variations d fj 11k, duy are abitrary it follows da = 0 if and only if the
DEP(13) holds.
A map

(16) @ : ((gh—1,vk=1), (gr, vk)) € S = ((gk,vk), (Gh+1, V1)) € S

which satisfies (8) is called the discrete Euler-Lagrange algorithm.

A map ¢ ¢ (frr—1, fek—1ur—1,ur) € S XV = (frg1n, ferinup, upr1) € S x V
which satisfies (13) is called the discrete Euler-Poincaré algorithm.
Theorem 3.2. (reduction, reconstruction). The canonical projection © given by (10)
applies the DEL algorithm in the DEP algorithm. From the DEP algorithm it can be
constructed the DEL algorithm.
Proof. The first part of the theorem derives from Theorem 3.1. The DEL algorithm
can be reconstructed from the DEP algorithm by

((gk—1,v6-1), gk, vk)) — ((gksV&)5 (Gt1,Vk+1)) =

(17) (k=1 Frp 1> Gk—1 Frp1wk)s Gk iy Ik Frd 1k tk1)),

where (fi+1k,ur) is a solution of the DEP equations given by 13. The algorithm 17
is the DEL algorithm because

Ge-1fopr = G195 19k = GeGk—1 Fop1 Uk = Gh—1951 IKUk = Uk



98 D.Oprig and 1.D.Albu

4 The discrete Euler-Poincaré-Poisson algorithm

The discrete Euler-Poicaré-Poisson are obtained for Lagrange functions which contain
adequate parameters by using the Lagrange-d’Alembert principle.

Let V be a finite dimensional vector space, GG a finite dimensional Lie group acting
on the left on V. The action is denoted by gv € V, for g € G,v € V. The left action
on the cartesian product G x V' is given by h(g,v) = (hg, hv),¥(g,v) € G xV,Vh € G.
The action of G on V* is given by

(ha)(v) = a(hv),Ya € V*,Yh € G,Yv € V.
Let L: G x G x V* — R be a left G—invariant function, that is
L(g1, 92,a) = L(hg1,hg2, ha),Vh € G, (g1,92) € G x G,a € V*.

For ag € V* fixed, we define L,, : G X G — R by L., (g1, 92) = L(91,92,00). La,
is left G—invariant with respect to the left action of G,, on G, where G,, = {h €
G|hao = ap} is the isotropy group of ag. The invariance of L permits us to define the
reduced Lagrangian | : G x V* — R by

(18) (g5 91,95 "ao) = L(g1, 92,a0) = L(g5 "91,€,95 "ao).

If we consider a sequence (gi, gr+1) € G X G,k =0,...,N — 1, then we can form
the sequences fri1x = gk__ilgk € G and a = gk_lag eV*k=0,...,N—-1.
Theorem 4.1. With the preceding notation, the following are equivalent:

1. The sequence (gk, gr+1),k = 0,...,N — 1, is an extremum for the action Ay, :
GN*Y — R associated to Lo, : G — R with ag fized.

2. The sequence (gk,gr+1),k = 0,...,N — 1 satifies the DEL for Lo, and for
arbitrary variation dgx, k =1,...,N — 1, dgo = dgn = 0.

3. The sequence (frt1k,ar),k =0,..., N —1 satisfies the Lagrange-d’Alembert on
G x V*, associated to l : G X V* — R for the variations 6 fy+1k,day.

4. The sequance (fr+1k,ax),k =0,..., N—1, satisfies the discrete Euler-Poincaré-
Poisson equations (DEPP):

(19) Dll(fk+1k)ak)Adfk+1kTeRfk+lk - Dll(fkkflv ak'*l)TeRfkk—l =
= Dal(frv1r, ar)ag.

Proof. Let g; : € € (—a,a, — gi(e) € G be with ¢;(0) = gx. The action of L,, for

gr(e) is
N—1

Aao (5) = Z Lao (gk:(s):gk+1 (5))

k=
dgr.(e)

it results that 0.4,, = 0, for arbitrary variations dgi,dgo = dgn = 0 if, and only if
the DEL hold:

Denoting dgy, = |e=0 and using the discrete analogue of the integration by parts

(20) Dy Lay(gk—1,9k) + D1Lay(gr—1,gk+1) = 0.
d
If fryrie(e) = gk_jl(s)gk(a), then we denote §fi11, = fk%k(s)h:o and using the

concatenation operations it results
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(21) 6fk'+1k = _TeRfk+1k (gk_iléngrl) + Adfk+1kTeRfk+1k (g]g_lts.gk)'
From ay, = g;, 'ao for ax(e) = g;, ' (¢)ao, we have
(22) day = 6g,;1a0 = —(g,;légkggl)ag = —(g,;légk)ak.

We shall prove 3) is equivalent to 4). The Lagrange-d’Alembert principle, for [ :
G x V* — R and the variations 0 fr11x, day, is

N-1

> Dil(fes1k, k)8 ferik + Dol(frsrr)dar = 0.
k=0

Substituting (21) and (22) we obtain:

N—-1
Z [Dll(fk-‘rlk: ak)Adfk+1kTeRfk+lk - Dll(fkk—17 ak—l)TeRfkk—l -
k=1

(23) Dal(frqar, ar)Oar](gy, ' dgr) = 0.

For each variation of the form g, 'dgj, from (23) follows (19). The equivalence 1) <=
3) results from the G—invariance of L and from the fact that the variation of grar = ag
cancels, which proves that L,, depends only of gi, gr+1.

5 The Kelvin-Noether theorem

Let Lo, : G x G — R depending on a parameter ag € V* as above. Consider a
manifold C on which G acts to the left and an equivariant map £ : C x V* — G. A
discrete Kelvin-Noether quantity associated to the discrete reduced Lagrangian [ is
the map [ : C x G x V* — R given by:

(24) I(ck, frr—1,01) = Dil(frp—1,08-1)Te Ry, K(cr, ar)-

Theorem 5.1. (discrete Kelvin-Noether). Let ¢ € C fized, friir,ar and gi the
solution of the equation gpy1 = gkf,;rll,c with go = e € G. ¢, = g,c_lco and I, =
I(c, frk—1,ar) the following relatio holds:

(25) Iip1 — Iy = (Dal(frr1r, ar) Qar) (K(ck, ar)).
Proof. Applying to K(ck, ar) the operator (25), it results
Dil(frg1ksar)Ady TeRy,,  K(ck, ar) — Dil(frr—1,ap—1)T,

(26) Ry, K(ck, ar) = [Dal(frr1k, ar)Car] (K(ck, ar)).

K is equivariant, therefore (26) implies
Dil(frvir,ar)Te Ry, ) K(ferince, ferinar) — Dil(frx—1,a61)Te

(27) Ry K(er, ar) = [Dal(frv1k, ar)Cax] (K(ck, ar)).

Since fryikcr = gkjlco = Ckt1; [rt1k0k = Qt1, from (27) we deduce (25).
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6 The discrete Euler-Poincaré equations
for principal bundles

Let (Q, M, n,G) be a principal G—bundle, where M =% / is the quotient manifold
of @ by the action of the Lie group G on ) nd 7 : () — M is the canonical projection.
A M —morphism (F,¢) : (@ x Q,M x M,7 x7,G x G) — (Q, M, n,q) is gives by
the maps F : Q X Q — Q, ¢ : G x G — @, such that

F(qr, qk+1) = B(qks Qr+1)

(28) ©(g,h) =h™'g,

where B : Q x () — @ satisfies the condition

(29) B(gqr, hqr11) = h " 9B(qr, grs1)g9—1.

Indeed, from the M —morphism property

(30) F((g9,h)(qk, qr+1)) = ¢(g, B) F(qr, qe+1)

it follows B(gqk, hqr+1)9qx = b~ 9B(qk, qk+1)qx, therefore (29).
By considering a local trivalization on @ the element ¢, € @ has the form ¢, =
(ks gk), where ri, = 7(qk), g = gi(rk,e). From (29) it results

B(gk, gr+1) = B((k, 9%)> (Tk+1, 9k+1)) = B(gk(Tk, €), grt1(ri+1,€)) =

(31) gk_ilng((Tk, e), (Pks1, Gk+1)) 95 = Fer1kb(Ty k1) 95" = Wes1kg5 s

where
(32) frsik = G198 9k, mrr1) = B((rrs €), (Pig, €)).

Let T: Q X Q — Q x M be the map given by

~

(33) T (qrs Qe+1) = (B(Qk, Qrr1) Tk T(Qr41))-
It follows
(34) T (Qk> Qryr) = (WkJrlIcg];l(Tk:gk): (Tht1,€)) = ((Phs Whep1k), Tht1)-

Now let L : @ x Q — R be a G—invariant discrete Lagrangian and let [ be the
reduced Lagrangian defined by lo 7= L. Thus

(e, Whatk k1) = L(Tks 9 t198), (Pegas €)) = L((rk, Wk 1D (e, 7ha 1) ™) (Piga s €))-

Theorem 6.1. The following statements are equivalent:
1. The sequence {qr, = (rr,gx)},k = 0,...,N, is an extremum for the action
A: QN — R associated to L, where

N-1

Algo, - an) = > L((rk, g), (Fks1s gr))-

k=0
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2. The sequence {qr. = (7, 9x)},k =0,...,N,, satisfies the DEL for L and for any
variation oqy = (0Tk,09k), with drg = ory =0, dgo = dgn = 0.

3. The sequence (T, wWk+1k, k+1),k =0,..., N —1, is an extremum for the action
a: (QXQ/G)NJrl — R associated to [;

N-1
a(ro,wl0,71, ..., TN _1,WNN-1,"N) = D LIk, Wit 1k, Tht1)-
k=0
4. The sequence (Tg,Wr+1k,Tk+1),k = 0,...,N — 1, satisfies the discrete Euler-

Poncaré equations (DEP):

Diyl(rg, Wrs1k, Thv1) + D3l(re—1, wrk—1,7k) + Dol (P, Wkt 1k, Th+1)
wi(k+ 1, k) + Dal(rg—1,wgp—1,75)w2(k,k—1) =0
Dgl(rk,wk+1k,rkH)TekaHkAdwkab*l(rk,rkH)—
(35) Dyl(rg—1,wkk—1,7k)Te Ruypoy =0,
where Dil(ry, we+1k, "e+1),1 = 1,2, 3, represents the matriz of the partial derivatives
with respect to the argument ¢ and

wi(k+1,k) = Teka+1kT(7'k,)Lb—1(rk7rk+1)D1b(rk; Tk+1)s

(36) wa (k? +1, k:) = Teka+1kT(rk7)Lbfl(rk7rk+l)D2b(rk, Tk+1),

represent the 1—forms associated to the M —morphism (F,p).

Proof. From the properties of this type for differentiable manifolds it results that
the statements 1) and 2) are equivalent. Consider the family wgi1x(€) = frt1x(e) -
b(r(e), ri41(€)) with fryir(e) = gk_il(s)gk (€),€ € (—a,a) and wr11£(0) = wiy1. By
dwgt1x(g)

1 |e=0, we have
€

denoting dwy41 =

6wk+1k = _TeRWk+1k (gk_iléngrl) + Teka+1kAdwk+1kb—1(rk,rk+1)(gk_l(sgk)+

+T€ka+1kT(Tk76)Lb’1(7‘kﬂ‘k+1)D1b(Tkv rk-‘rl)(érk) + Teka+1kTTk+1Lb*l(rkﬂ‘kﬂ)

DQb(T‘k, rk+1)(6rk+1).

We deduce
N-1
da(e
da = d( )|s:o = D [Dul(rk, wrsin, Tier) + Dal(remt, wpe—1,75)+
€ Pt

+ Dol (r, Wik, Thpt )w1 (B + 1, k) + Dal(rp—1, wrp—1, re)w2(k — 1, k)] (6rr)+
N—1

+ Z [DQI(TIC s Wk+1k Tk+1)Teka+1k ) Tk+1)Teka+1k
k=1

Adwarlkb—l(rk,rkJrl) - D2l(7"k_1,0.)k_1k, rk)Tekak—l](gkjldgk)'

Thus da = 0 iff the relations (35) holds. Therefore 3) and 4) are equivalent. The
equivalence of 1) and 3) follows from the G—invariance of L.
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A map ®: (qr_1,qr) € Q® — (qk,qrs1) € ¢* satisfying the relation

(37) D, L(qk, q+1) + D2L(qr—1,qx) =0

is called a discrete Euler-Lagrange algorithm (DELA).

A map P (Tk_1,wkk_1,7“k) €@xQ /G = (rk,wk+1k,rk+1) €@xQ /G satisfaying
the relations 35 is called a discrete Euler-Poincaré algorithm (DEPA).
Theorem 6.2. (reduction, reconstruction). The canonical projection T given by (33)
applies the algorithm DELA on the algorithm DEPA. The algorithm DELA can be
reconstructed from the algorithm DEPA.
Proof. The first statement of the theorem results from Theorem 6.1.. The algorithm
DELA is constructed from the algorithm DEPA as follows: let (7, wg11x) be a solution
of the algorithm DEPA and fri1x = wry1k b 2 (Tk, Try1); since feiip = gkjﬂk for
gr, fixed, it results gxr1 = gkflc_+11k' In this way the algorithm DELA is given by

((r-1595-1), (P> 98)) — (k> 9)s (Pt Gk41)) = (ks Gk 1 Frpp)s (Pt G Syt i)-

Remark. If the map B has the property B(qx,qr11) = € € GY(qr,qrs1) € Q?, then
the EDP are

Dil(rk, frviks rh1) + Dal(re—1, frr—1,7%) =0,
DZI(TIC; fk+1k'7 r+1)TeRfk+1k . Adfk+1k - DZl(rkfla fkkflv rk)TeRfkk—l =0,

where fry1k = gy 9k-
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