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no. 3(85), 88-106.

[2] Vulpe, N.I., Polynomial bases of comitants of differential systems and their applications in
qualitative theory, Kishinev, Ştiinţa, 1986 (in Russian).
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We consider the real cubic differential system{
ẋ = P0 + P1(x, y) + P2(x, y) + P3(x, y) ≡ P (x, y),
ẏ = Q0 +Q1(x, y) +Q2(x, y) +Q3(x, y) ≡ Q(x, y), gcd(P,Q) = 1,

(1)

and the vector field X = P (x, y) ∂
∂x +Q(x, y) ∂∂y associated to system (1).

A straight line l ≡ αx + βy + γ = 0, α, β, γ ∈ C is invariant for (1) if there exists a polynomial
Kl ∈ C[x, y], deg(Kl) ≤ 2 such that the identity

αP (x, y) + βQ(x, y) ≡ (αx+ βy + γ)Kl(x, y), (x, y) ∈ R2 (2)

holds. The polynomial Kl(x, y) is called cofactor of the invariant straight line l. If m is the greatest
natural number such that lm divides X(l) then we say that l has parallel multiplicity m. By present
a great number of works have been dedicated to the investigation of polynomial differential systems
with invariant straight lines.
The classification of all cubic systems with the maximum number of invariant straight lines, in-
cluding the line at infinity, and taking into account their geometric multiplicities, is given in [1],
[4], [5].
The cubic systems with exactly eight and exactly seven distinct affine invariant straight lines have
been studied in [4], [5]; with invariant straight lines of total geometric (parallel) multiplicity eight
(seven) - in [2], [3], [8], and with six real invariant straight lines along two (three) directions - in
[6], [7]. In [9] it was shown that in the class of cubic differential systems the maximal multiplicity
of an affine real straight line is seven.
In this paper are obtained canonical forms for cubic differential systems with affine real invariant
straight lines of total parallel multiplicity six and configurations

(
2(m), 2(n), 1, 1

)
. It was proved

Theorem. Assume that a cubic system (1) possesses affine real invariant straight lines of total
parallel multiplicity six and of four distinct directions. At least two of these lines are multiplicity
one. Then via an affine transformation and time rescaling this system can be brought to one of the
three systems:

1)

 ẋ = x(x+ 1)(a+ bx+ y),
ẏ = y(y + 1)

(
a+ (a+ b)x+ (1− a)y

)
,

ab(a+ b)(2a− b− 1) 6= 0, (a− 1)(b− a+ 1) < 0, a, b ∈ R,
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(
l1 = x, l2 = x+ 1, l3 = y, l4 = y + 1, l5 = y − x, l6 = y − b

a−1x
)
;

2)

 ẋ = x(x+ 1)
(
a+ (2a− 1)x+ y

)
,

ẏ = y(y + 1)
(
a+ x+ (2a− 1)y

)
,

a(a− 1)(3a− 1)(3a− 2) 6= 0, a ∈ R,(
l1 = x, l2 = x+ 1, l3 = y, l4 = y + 1, l5 = y − x, l6 = y + x+ 1

)
;

3)


ẋ = x2(bx+ y),
ẏ = y2

(
(a+ b)x+ (1− a)y

)
,

ab(b+ 1)(a+ b)(2a− b− 1)(a− 2b− 2) 6= 0,
(a− 1)(b− a+ 1) < 0, a, b ∈ R,(

l1 = l2 = x, l3 = l4 = y, l5 = y − x, l6 = y − b
a−1x

)
.
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No. 2(75), p. 102-105.

[2] Bujac C. and Vulpe N., Cubic systems with invariant straight lines of total multiplicity eight
and with three distinct infinite singularities, Qual. Theory Dyn. Syst. 14 (2015), No. 1, 109–
137.

[3] Bujac C. and Vulpe N., Cubic systems with invariant lines of total multiplicity eight and
with four distinct infinite singularities, Journal of Mathematical Analysis and Applications,
423 (2015), No. 2, 1025–1080.

[4] Llibre J. and Vulpe N., Planar cubic polynomial differential systems with the maximum number
of invariant straight lines. Rocky Mountain J. Math. 36 (2006), No 4, 1301–1373.

[5] Lyubimova R.A., About one differential equation with invariant straight lines. Diff. and int.
eq., Gorky Universitet. 8 (1984), 66–69; 1 (1997), 19-22.
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