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neuroscience and engineering

Dana Constantinescu

Univesity of Craiova, Romania

e-mail: constantinescu.dana@ucv.ro

This paper reviews some results from the theory of fast-slow dynamical systems and presents
the detailed analysis of some systems of interest in neuroscience, electrical engineering and fusion
plasma physics. The singular perturbation methods are used order to explain the different types
of oscillations occurring in systems that are obtained by weak perturbations of integrable systems.
There are also analyzed systems for which these methods cannot be used and specific explanations
for their oscillatory behavior are found. The results are interpreted from practical point of view.
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We consider the cubic differential system of the form

ẋ = y + ax2 + cxy − y2 + [(a− 1)(p+ c− b) + g]x3+

+ [(b− p)(p+ c− b)− a− n− 1]x2y + pxy2,

ẏ = −x− gx2 − dxy − by2 + (a− 1)(d+ n− 1)x3+

+[(b− p)(d+ n+ 1)− g]x2y + nxy2 + by3,

(1)

where the variables x = x(t), y = y(t) and coefficients a, b, c, d, g, p, n are assumed to be real. The
origin O(0, 0) is a singular point of a center or a focus type for (1), i.e. a fine focus.

It is easy to verify that the cubic system (1) has two invariant straight lines of the form
l1 ≡ 1 +A1x− y = 0, l2 ≡ 1 +A2x− y = 0, where A1, A2 are distinct solutions of the equations
A2 + (b− c− p)A− d− n− 1 = 0, and we determine the conditions under which the cubic system
(1) has also one irreducible invariant cubic curve of the form

Φ(x, y) ≡ x2 + y2 + a30x
3 + a21x

2y + a12xy
2 + a03y

3 = 0

with (a30, a21, a12, a03) 6= 0 and a30, a21, a12, a03 ∈ R. The problem of the center for cubic system
(1) with: two parallel invariant straight lines and one invariant cubic Φ = 0 was solved in [1]; a
bundle of three algebraic curves l1 = 0, l2 = 0 and Φ = 0 was solved in [2].

In this paper we study the problem of the center for cubic system (1) having three algebraic
solutions l1 = 0, l2 = 0, Φ = 0 in generic position and prove the following theorem:

Theorem 1. Let the cubic system (1) have two invariant straight lines l1 = 0, l2 = 0 and one
irreducible invariant cubic Φ = 0. Then a fine focus O(0, 0) is a center if and only if the first three
Lyapunov quantities vanish.
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We analyze the global stability of the coexisting equilibria for several models of commensal-
ism, first by devising a procedure to modify several Lyapunov functionals which were introduced
earlier for corresponding models of mutualism, further confirming their usefulness. It is seen that
commensalism promotes global stability, in connection with higher order self-limiting terms which
prevent unboundedness. We then use the theory of asymptotically autonomous systems to prove
global stability results for models of commensalism which are subject to Allee effects, finding that
commensalisms of appropriate strength can overcome the influence of strong Allee effects.
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In [1] the center-affine invariant conditions of stability of unperturbed motion, described by
critical two-dimensional differential systems with quadratic nonlinearities s(1, 2), cubic nonlinear-
ities s(1, 3) and fourth-order nonlinearities s(1, 4), were obtained.
We consider the two-dimensional cubic differential system s(1, 2, 3) of perturbed motion of the
form

ẋj = ajαx
α + ajαβx

αxβ + ajαβγx
αxβxγ ≡

3∑
i=1

P ji , (j, α, β, γ = 1, 2), (1)

where coefficients ajαβ and ajαβγ are symmetric tensors in lower indices in which the total convolu-
tion is done. Coefficients and variables in (1) are given over the field of real numbers.
Let ϕ and ψ be homogeneous comitants of degree ρ1 and ρ2 respectively of the phase variables


