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On periodic solutions of the four-dimensional
differential system of Lyapunov-Darboux type
with quadratic nonlinearities
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Abstract

For the four-dimensional differential system of Lyapunov-
Darboux type with quadratic nonlinearities, we have found a
holomorphic integral of Lyapunov type. Using this integral and
the Lyapunov theorem, we have obtained centro-affine invariant
conditions for stability of unperturbed periodic motion.
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1 Introduction

The differential systems with polynomial nonlinearities are important
in various applied problems. One of the interesting cases is differential
systems, which characteristic equations have purely imaginary roots.
In this paper we consider a four-dimensional differential system, which
characteristic equation has two simple purely imaginary roots and the
other two roots have real negative parts.
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2 Stability of unperturbed periodic motions of
Lyapunov-Darboux type differential system
with quadratic nonlinearities

Let the characteristic equation of the differential system

ddit] =alx*+ X7 2',2% 2" (ja=T,n+2) (1)
has two purely imaginary simple roots Ay/—1 and —\y/—1, where X/
are holomorphic functions of 27 (j = 1,4).

The systems (1) with two purely imaginary roots and n roots with
negative real part of the characteristic equation will be called systems
of Lyapunov type.

Consider the system of differential equations

il = al x® + o 5360‘365 (J,a, B =1,4), (2)

where aiﬁ is a symmetric tensor in lower indices, in which the com-
plete convolution is made and the group of center-affine transformations
GL(4,R).

The following center-affine invariant polynomials of the system (2)
are known from [3]:

0
Lay=ag, Ira= aﬁa I34=aja a}, Iy = ag‘aféagaw Py = agﬂxﬂ,

1) 1)
P, = agagvﬂﬂ, Py =a agagéﬂc y Pra= a?aga}awx“,

a a a « 1
So4 = uax™, S14 = aﬁ:c’gua, Soy = a,yangum S34 = ag aflagx Uy,
— 0Si—1,4
R64 =a aqﬂaﬂa aga UsUa Uy, ePT ) Rg 4 = det = ,
dx) ), =12

§ 0 T 4
Kea = a?agalauaﬁafﬁx :):“":):w:)fsa[g(gf, Ki4= agvxﬁx'yy HMeaysus (3)

2 23, 2%) are cogra-

where vectors y = (yl,y2,y3,y4) and z = (Zl )
,z%), and vector

)2
dient with vector of phase variables z = (a!, 22

, 2
xS
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= (u1,ug,us,uq) is covariant with vector = [2]. Polynomials I; 4
1,4) are invariants, Pj4 (j = 1,4) and Kg 4 are comitants, S;4

U
(i
(j = 0,3) are mixed comitants, §674 is contravariant, and K 4 is comi-
tant of cogradient vectors z, y, z [2].

Lemma 1 [3]. If IN(174 from (3) is identically equal to zero (I~(1,4 =0)
then the system (2) takes the form

il = alz® + 227 aj,2®)  (j,a=1,4). (4)
The system (4) is called four-dimensional differential system of Dar-
boux type.

Remark 1. For any centro-affine transformation of the system (4), its
quadratic part retains its form changing only the variables and coeffi-
cients. This follows from the fact that the identity I~(174 = 0 s preserved
under any centro-affine transformation.

Lemma 2 [3]. If R4 % 0, then by the centro-affine transformation
T'=5S04, T =514 T =S T =S, (5)
the system (4) can be brought to the following form:

i = 2%+ 22" (aj,2%) , i° = 2° +22° (aj,2%) , i° = zt 4223 ajar®),

fC4 = —L474$1 — L3,4CC2 — L2,4$3 - L174$4 + 2%4 a%axa) N (6)
where
L 1 3
Lia=—-hg4 Lza=3 (I14—124), L3a= 6 (Bl aloa—2I34—17 4),
1
Lyg =g, (8114034 — 6144 — 617 24+ 3154+ 11 ), (7)

Iia (k=1,4) are from (3).

Remark 2. The characteristic equation of the system (6) has the form

pt+ Liap® + Loap® + Lyap+Lya=0, (8)
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where L; 4 (i = 1,4) are from (7).

Lemma 3. The characteristic equation (8) has two simple purely ima-
ginary roots \/—1 and —A\\/—1 and two other roots with real negative
part if and only if

L174 > 0, L274 > 0, L174L274 — L374 > 0,

L3 yLaa+ L3y — LnaloaLsa =0, (9)
where L; 4 (i = 1,4) are from (7).

Theorem 1. If 1?174 = 0 and Re4 Z 0, then under conditions (9),

using centro-affine transformation the system (2) can be brought to the

following form (v = z', y = 22, z = 23, u = x%):

T=-Ay+2xp=P, y=Arx+2y0=0Q, z=u+22yp=R,
w=y+ N +c)z+du+2up =S, (10)

where \ = + % (L174L374 > 0), c = —L274, d = —L174, Li,4 are

from (7), ¥ = A:c,—i— By+ Cz+ Du with A, B, C, D real constants.
The system (10) will be called differential system of Lyapunov-
Darboux type.

Theorem 2. The functions
GQ=2>+y% G=X+c\=2(Bc—C+ BXN)z+2A(c+ \)y+
+2X(—=Cd + ¢D + DX?) 2 + 2CAu, (3= N2 +d\ay + cd\zz+
+A2¢ 4+ d* +4X%) zu — (c + N2 y? — [2¢2 + (6¢ + d?)N? + 401 yz—
—cdyu — [¢® + c(5c + d®)N? + (8c + d?)A\ 4 4X\5) 22—
—[c® + (de+ d*)N* +4\Y] dzu — u?) (11)

are particular integrals of the system (10), F' = (3 C2_2 s prime integral
of Darbouz type of the system (10).
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Proof. Denote by

0 0 0
A= P%+Q—+Ra—+5%

the operator of the system (10). By a direct calculation we obtain

A(C) =4Cy, A(G) =20y, A(()=CG(d+4Y),

M) =200 48 v,

where ¢ = Az + By + Cz + Du. The theorem is proved.
From [3] the following comitant of the system (2) is known:

Oy =Laa—2(4/5L34P1a+ LoyPoa~+ Ly 4P3a+ Pya), (12)

where Pj 4 (j =1,4) are from (3), L; 4 (i = 1,4) are from (7).

Remark 3. For the system (10) for x = 2!, y = 2%, 2 = 23, u = 2
we have ®4 4 = —A(2, where (3 is from (11).

Remark 4. The prime integral F = (3 C2_2 of the system (10) with
G #0 (Pyy # 0) can be written as a holomorph@c Lyapunov integral
([1], §40) F = 22+ 42+ F(z,y, z,u), where F(z,y, z,u) contains terms
of degree at lest two in variables x,y, z, u.

Using the Lyapunov theorem ([1], p.160), lemmas 1-3, theorems
1-2 and remarks 3—4, we obtain

Theorem 3. Assume for the system (2) with I~(174 =0 and E674 Z£0
under centro-affine invariant conditions (9), the comitant (12) is not
identically zero. Then the system has a periodic solution containing an
arbitrary constant, and varying this constant one can obtain a conti-
nuous sequence of periodic motions, which comprises the studied un-
perturbed motion. This motion is stable and any perturbed motion,
sufficiently close to the unperturbed motion, will tend asymptotically to
one of the periodic motions.
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3 Conclusion

Using of centro-affine invariants and comitants of the four-dimensional
differential system with quadratic nonlinearities we obtain extension of
the results stated in the Lyapunov theorem ([1], §40) concerning the
stability of unperturbed periodic motion of the studied system.
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